STABILIZATIONS OF HEEGAARD SPLITTINGS OF 
GRAPH MANIFOLDS 

o 

O ■ RYAN DERBY-TALBOT 

(N 

< 



in 



Abstract. We show that after one stabihzation, a strongly irreducible 
Heegaard splitting of suitably large genus of a graph manifold is isotopic 
to an amalgamation along a modified version of the system of canonical 
Li^ ' tori in the JSJ decomposition. As a corollary, two strongly irreducible 

Heegaard splittings of a graph manifold of suitably large genus are iso- 
topic after at most one stabilization of the higher genus splitting. 
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Reidemeister and Singer proved in the 1930s that any two Heegaard spht- 
tings of the same 3-manifold become isotopic after stabihzing each splitting 
,.^ , some number of times (^01) ^M)- ^^ ^^^ been a long-standing problem to 

\^ ' determine the precise number of stabilizations needed to do so. This prob- 

lem is made challenging by the fact that stabilized Heegaard splittings lose 
many geometric properties that non-stabilized Heegaard splittings possess, 
making their analysis difficult. Many attempts to understand the number 
^^ . of necessary stabilizations have exploited the underlying structure of the 3- 

^D ' manifold (see e.g. J2I) jl^j and |23). This paper is no exception. Here, we 

^ ■ investigate the question of how many stabilizations are needed to make two 

"j^ I Heegaard splittings of a graph manifold isotopic. Our main results are the 

following (see below for defintions). 

Theorem 1.1. Let M be a closed totally orientahle graph manifold with 
a system of canonical tori in the JSJ decomposition, and let 0' he an 
amalgamatahle modification ofQ. Suppose VUsW and PU^Q are Heegaard 
Cd '_ splittings of M such that VUsW either is an amalgamation along 0' or is 

strongly irreducible, and PUsQ *■* ^^ amalgamation along 0'. Then V\JsW 
and P Us Q are isotopic after at most one stabilization of the larger genus 
splitting. 

Corollary 1.2. // M has two strongly irreducible Heegaard splittings, at 
least one of which has genus greater than or equal to a{M), then the two 
splittings are isotopic after at most one stabilization of the larger genus 
splitting. 

An amalgamatable modification of (see Definition I3.12|) is a disjoint 
union of incompressible tori in M containing that has the appropriate 
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separating properties to yield an amalgamation. The amalgamation genus 
of M, a{M) (see Definition I3.13J) . is the minimum possible genus of a Hee- 
gaard splitting of M which is an amalgamation along an amalgamatable 
modification of @. 

We in fact prove more general versions of Theorem 11.11 and Corollary 11.21 
including the case that M has boundary. The statements of these re- 
sults are slightly more technical and are stated as Theorem 15.11 and Corol- 
lary ^31 respectively. The main difference is that we need to consider M 
as a triple (M, diM, d2M), and take the amalgamation genus as a quantity 
a{M, diM, d2M) depending on a partition of the boundary components. 

It is not difficult to see that two Heegaard splittings of M which are 
amalgamations along the same amalgamatable modification of G are iso- 
topic after at most one stabilization of the higher genus splitting (see Corol- 
lary I3.17() . It is the case that at least one of the splittings is strongly irre- 
ducible that is the main focus of this paper. 

Remark 1.3. Theorem 1 1 . 1 1 and Corollarv ll.2l along with Theorem 1.3 in ^H] 
imply that two irreducible Heegaard splittings of a closed, totally orientable 
graph manifold M are isotopic after at most one stabilization of the larger 
genus splitting, unless: 

1. The two Heegaard splittings are both strongly irreducible with genus 
less than a{M)^ or 

2. One of the splittings is an amalgamation along some incompressible 
surface and is not isotopic to an amalgamation along 0', where 0' 
is an amalgamatable modification of the system of canonical tori in 
the JSJ decomposition of M. 

Indeed, there are graph manifolds where both situations are possible: 
see Section ^J in this paper for examples of the first situation and |18j for 
examples of the second. An analogous remark can be made in the case M 
has boundary, considering a partition (M, 5iM, 32M). 

While the arguments are somewhat delicate, the strategy of the proof of 
Theorem 1 1.1 1 is straightforward. In SectionElwe provide the basic definitions 
needed for Heegaard splittings, Seifert fibered spaces and graph manifolds. 
In Section 131 we establish properties of Heegaard splittings which are amal- 
gamations along incompressible surfaces, paying particular attention to the 
case that the manifold in question is a graph manifold and the incompressible 
surface used in amalagamation contains the system of canonical tori in the 
JSJ decomposition of the manifold. In Sectional we determine the precise 
structure of a strongly irreducible Heegaard splitting of a graph manifold, 
drawing mostly from results in JH] • There it was shown that a strongly irre- 
ducible Heegaard splitting of a graph manifold can be taken to be horizontal 
or vertical in all but one of the Seifert fibered components of the manifold. 
In Section El we prove a special case of Theorem 11.11 in which there are no 
Seifert fibered components where the Heegaard surface is horizontal. In Sec- 
tional we deal with the remaining situation, showing that the Seifert fibered 



STABILIZATIONS OF HEEGAARD SPLITTINGS OF GRAPH MANIFOLDS 3 

components where the Heegaard surface is horizontal use one stabihzation to 
produce many more, which then can be dispersed throughout the manifold. 
In Section [7.11 we discuss the precise way the stabilizations are isotoped in 
the manifold. In Sections |H1 and El we argue that the stabilizations produced 
by the horizontal pieces can be used in manifolds homeomorphic to T^ x / 
and in vertical pieces. In Section [Till we prove Theorem 11.1 1 bv showing that 
if there are enough stabilizations, a quantity that depends only on the genus 
of the splitting, then the stabilized Heegaard splitting becomes an amalga- 
mation along an amalgamatable modification of the system of canonical tori 
in the JSJ decomposition. In Section ^J we provide examples of both large 
and small genus Heegaard splittings of graph manifolds. 

The author wishes to thank both Cameron Gordon and Tsuyoshi Kobayashi 
for many helpful discussions. 

2. Background 

For basic terminology involving 3-manifolds, see [S]) 101 or |llj . 

2.1. Heegaard splittings. 

Definition 2.1. Let F be a closed orientable surface. A compression body 
V is obtained from F x I hy adding 2-handles to -F x {0} and capping off 
any resulting 2-sphere components with 3-balls. The surface F x {1} is 
denoted d-^.V, and we set d-V = dV — d+V. If d-V = 0, then V is called 
a handlebody. 

Definition 2.2. Let M be a compact orientable 3-manifold. A partition 
of M is a triple (M, diM, d2M) such that diM and 52-/Vf consist of compo- 
nents of dM, diM n d2M = 0, and dM = diM U d2M. We cah the triple 
(M, 9iM, d2M) a partitioned 3-manifold. 

Definition 2.3. A Heegaard splitting FU5 W of (M, diM, d2M) is a decom- 
position of M into 2 compression bodies V and W such that d-V = diM 
and d-W = O2M, and such that M is obtained from the identification of 
dj^V and dj^W via some homeomorphism. The surface S = d-y-V = dj^W \s 
called the splitting surface or the Heegaard surface. 

If M is closed, the partition (M, 0, 0) is written as M, so that y U5 14^ is 
simply referred to as a Heegaard splitting of M. The genus of a Heegaard 
splitting VUsWoi {M,diM,d2M) is the genus of S. It is known that 
every 3-manifold has a Heegaard splitting (|H1)- Also, note that a Heegaard 
splitting of {M,d2M,diM) is a Heegaard splitting of {M,diM,d2M) with 
the labels of the compression bodies V and W switched. 

Suppose V Us W is Heegaard splitting of {M,diM,d2M) and a is an 
arc properly embedded in V and parallel into d^V. Let V' and W' be 
obtained from V and W by attaching a 1-handle to W such that a is its 
core, and removing that 1-handle from V. The fact that a is boundary 
parallel implies that both V' and W' are compression bodies. The resulting 
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Heegaard splitting V' Us' W of {M,diAI,d2M) is called a stabilization of 
V Us W. Note that the genus of V' Us' W is one greater than the genus of 

VUsW. 



a 
V 





w 

Figure 2.1. A stabilization of V Us W. 

It is a nice exercise to show that a Heegaard splitting F U5 VF is stabilized 
(i.e. a stabilization of another Heegaard splitting) if and only if there exist 
essential disks D CV and E CW such that \dDridE\ = l. 

Definition 2.4. A Heegaard splitting FUsT^ of (M, diM, d2M) is reducible 
if there exist essential disks D d V and E d W such that dD = dE. 
Otherwise, V Us W is irreducible. 

The splitting V Us W is weakly reducible if there exist essential disks 
D cV and E cW such that dDndE = 0. Otherwise, VUsW is strongly 
irreducible. 

A reducible Heegaard splitting is clearly weakly reducible. A result of 
Haken |1] shows that a Heegaard splitting of a reducible manifold is re- 
ducible. In light of this fact we assume henceforth that M is irreducible. A 
strongly irreducible Heegaard splitting has the useful property that it can be 
isotoped to intersect an incompressible surface in curves which are essential 
in both surfaces (see e.g. [T7]). 

Remark 2.5. Suppose that V Us W is a strongly irreducible Heegaard 
splitting of (M, diM, d2M) and that F is a disjoint union of incompressible 
tori. After performing the aforementioned isotopy and then isotoping away 
boundary parallel components, F intersects both V and M^ in a disjoint 
union of essential annuli (an essential annulus is defined in Section |31). This 
can be done so that |5 n -F| is minimal. We shall assume henceforth that 
any strongly irreducible Heegaard splitting of (M, 5iM, d2M) is isotoped in 
such a fashion. 

2.2. Seifert fibered spaces. Let i3 be a surface and set X' = B yi S^. 

Let ei, . . . ,efc be a (possibly empty) disjoint union of points on B (called 
exceptional points), and let Ui be the solid torus in X' formed by taking 
N{ei) X S*^, where N{ei) denotes a closed neighborhood of Cj, disjoint from 
N{ej) for j 7^ i. Let /Xj C dUi bound a meridian disk of Ui. Consider 

B = B X {point} C X'. Let Xq = X' - U^^^Ui and let Bq = XqCi B. For 
each boundary component in Xq corresponding to dUi, let Ci = Bq Ci dUi 
and let tj = {point} x S"^ C dUi. Form the 3- manifold X by re-attaching Ui 



STABILIZATIONS OF HEEGAARD SPLITTINGS OF GRAPH MANIFOLDS 5 

to Xq by gluing /Xj to a curve corresponding to c"'t^\ Once the meridian 
is attached, there is a unique way to attach the rest of Ui to Xq up to 
homeomorphism. We say that X is a Seifert fibered space with base B, and 
exceptional fibers fi, ■ ■ ■ , fk where /, is the core of Ui (assuming |aj| > 1). 
Every other curve {point} x 5^ in X is a regular fiber. If both B and X are 
orientable, we say X is totally orientable. For the purposes of this paper, we 
shall always assume that X (and hence B) has boundary. Note that each 
component of dX is a torus. 

All of the data describing X as a Seifert fibered space with boundary up 
to homeomorphism can be written in the notation 

g;m; — ,..., — 
ai Ok 

where g is the genus of B, m is the number of boundary components of B, 

and ttj, (3i are the coordinates in the {cj,ij} basis of the attaching curve 

for the meridian of Ui. The number Oi is called the multiplicity of the 

exceptional fiber fi. The fraction — is unique up to adding integers. 

2.3. Graph manifolds. 

Definition 2.6. A graph manifold M is a 3-manifold obtained by gluing a 
disjoint union of Seifert fibered spaces together along boundary tori. 

Let Q denote the system of canonical tori in the JSJ decomposition of M. 
For a graph manifold, each component of M cut along is a Seifert fibered 
space, referred to as a Seifert fibered component of M. We say that M is 
totally orientable if it is orientable and each Seifert fibered component of M 
is totally orientable. 

Remark 2.7. It is sometimes useful to consider the manifolds A^(0) in a 
graph manifold M, where A'^(O) denotes a closed regular neighborhood of Q 
in M. Assuming the neighborhood A^(0) meets every Seifert fibered compo- 
nent of M cut along G in regular fibers, then M — N{@) is a disjoint union 
of Seifert fibered spaces homeomorphic to the components of AI cut along 
0. These components are still referred to as the Seifert fibered components 
of M. Each component of A^(B) is homeomorphic to T^ x /, and is called 
an edge manifold of M. 

We will only use this description of graph manifolds in Section |1J Oth- 
erwise, when stating M is a graph manifold we mean in the context of 
Definition [Tin 

3. Amalgamations and amalgamation genus 

3.1. Amalgamations. Let A be an annulus properly embedded in a com- 
pression body V. We say A is essential in y if A is incompressible in V and 
not boundary parallel. A spanning arc of ^4 is a properly embedded arc a 
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in A such that da hes in different components of dA. Hence A cut along a 
spanning arc is a disk. 

Let A be an essential annulus in a compression body such that dA C d+V. 
A spanning disk for ^4 in y is a disk D inV cut along A such that dD = aUb, 
where a is a spanning arc of A and b C d^V. It follows that D is an essential 
disk in V cut along A. 

Proposition 3.1. An essential annulus A in a compression body V with 
dA C d+V has a spanning disk. 

Proof. Let A be a complete system of meridian disks for V. Then V cut 
along A is either a 3-ball if y is a handlebody, or a product d-V x I 
otherwise. By a standard innermost disk, outermost arc argument, we can 
eliminate inessential curves and arcs of intersection in A n A from A. If V 
cut along A is a 3-ball, then A n A 7^ since there are no incompressible 
annuli in a 3-ball. An outermost disk component of a component of A cut 
along A is thus a spanning disk for A. 

Assume therefore that V cut along A is a product d-V x I so that dA C 
d-Vx{l}. Let C be a union of simple closed curves intersecting transversely 
on d-V such that d-V cut along C is a disjoint union of disks. Again by an 
innermost disk, outermost arc argument we may assume that A intersects 
C X / in spanning arcs of A. Then d-V x I cut along C x I is a union of 
3-balls, so as before, it must be the case that A meets some annulus c x I 
nontrivially, where c is a simple closed curve in C. As dA C d-V x {1}, 
A n {c X I) cuts off disk components from ex I. An outermost such disk is 
thus a spanning disk of A. D 

Definition 3.2. An embedded closed surface F in a 3-manifold M is called 
mutually separating if M cut along F is two (possibly disconnected) 3- 
manifolds Mi and M2 such that a regular neighborhood of each component 
of F meets both Mi and M2 nontrivially. 

Remark 3.3. The condition that F is mutually separating in M is equiva- 
lent to the statement that F represents the trivial element in H2{M, dM; Z/22 

Let F be a mutually separating incompressible surface in (Af, diM, d2M), 
and let Xi, . . . , Xn be the components of M cut along F. The fact that F is 
mutually separating allows us to choose partitions {Xi, diXi, d2Xi) for each 
1 < i < n so that if Xi r\ Xj ^ % for any i / j, then either F r\ Xi C diXi 
and F<r\XjC d2Xj, or F n Xi C d2Xi and F n Xj C diXj. 

Let Vi Usi Wi be a Heegaard splitting of {Xi,diXi,d2Xi) for each 1 < i < 
n. Suppose that Fq = d-Vi fl d-Wj = diXi n d2Xj for some i / j. Then 
Vi can be thought oi as Fq x I L\ {diXi — Fq) x I with 1-handles attached 
along Fq X {1} VA {diXi — Fq) x {!}. The compression body Wj is defined 
similarly. Map Fq x {t} to Fq x {0} in both Vi and Wj such that the disks 
of attachment of the 1-handles in Vi and in Wj map disjointly on Fq. This 
yields compression bodies V = Vj U {diXi — Fq) x / U {1-handles in Vi}, 
and W = WiVJ {d2Xj - Fq) x I U {1-handles in Wj}. Note that d-V = 
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diXj U {diXi - Fo), and d^W = 82X1 U {d2Xj - Fq), thus F Us VF is a 
Heegaard splitting of {XiUXj, diXj U {diXi -Fo),d2XiU {d2Xj -Fq)). The 
above procedure can be apphed simultaneously to all components of M cut 
along F. 

Definition 3.4. A Heegaard splitting of {M,diM,d2M) obtained in the 
above manner is called an amalgamation along F. 





d2X^ 


Xi 


/ VF. \ 




^^ Fo 


d2Xj - Fo 


diXi - F„ 


W, 




X, 





/ w \ 


1 1 \ V 


/ 



diX, 



Figure 3.1. Forming an amalgamation along Fq. 

Remark 3.5. The reverse of the above process is called untelescoping the 
Heegaard splitting V Us W, and is a useful procedure when dealing with 
amalgamations along incompressible surfaces (see J14j). 

Remark 3.6. Note that if F is an incompressible surface which is mutually 
separating in M, a Heegaard splitting yUsVF is an amalgamation along F if 
5 can be simultaneously compressed in V and W to become isotopic to FUL, 
where L is a (possibly empty) subset of components of dM. Specifically, if 
the components Xi , . . . , Xn of M cut along F are partitioned as above so 
that FnXiC dsiXi, Ei = 1 or 2, then L = U[Li(9£,Xi - F). 




Figure 3.2. An amalgamation along F. 

It is known that an irreducible Heegaard splitting of {M,diM,d2M) is 
either strongly irreducible or an amalgamation along some incompressible 
surface (see J2] for the closed case and e.g. [Zj for the case that M has 
boundary) . 
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3.2. Amalgamation genus. 

Definition 3.7. The Heegaard genus of (M, diM, d2M), denoted 5h(M, diM, d2M), 
is the minimum genus of all Heegaard splittings of (M, diM, d2M). 

Definition 3.8. The amalgamation genus of (M, 9iM , d2M) with respect to 
a mutually separating incompressible surface F, denoted a{M, diM, d2M, F), 
is the minimum genus of all Heegaard splittings of (M, diM, d2M) which are 
amalgamations along F. 

Remark 3.9. Given (M, diM, d2M) containing a mutually separating in- 
compressible surface F, the components Xi, . . . , Xn of M cut along F have 2 
natural choices of partitions that can be used to construct an amalgamation 
along F. For some Xj, choose either diXi = {diMi n Xi) U (F n Xi) and 
d2Xi = d2M n Xi, or diXi = diM n Xi and SsX^ = (^aM n X^) U (F n Xi). 
Having chosen {Xi,diXi,d2Xi) for this i then determines {Xj,diXj,d2Xj) 
for j 7^ z, via the definition of amalgamation along F. As there are two 
choices for a partition of Xi, this gives two choices of sets of partitions for 
all the Xi, 1 < i < n. This choice has bearing on the genus of an amalga- 
mation of {M,diM,d2M) along F. 

For example, let Xi and X2 be 3-manifolds homeomorphic to T^ x / and 
label dXi = Tj U T^', i = 1,2. Obtain M by identifying Ti = T2 = T 
via any homeomorphism, and take the partition {M,T[,T2). There are two 
natural choices for amalgamations of {M ,T[,T2) along T, depending on the 
choice of partitions of Xi and X2. If we take the partitions {Xi,Ti,T[) 
and (A2,T2,T2), then the resulting amalgamation along T has genus 1. If, 
however, we choose partitions {Xi,Ti U T[, 0) and (^2, 0, T2 U Tg), then the 
resulting amalgamation along T has genus 3 (see Figure 13.31 for a visual 
description of these two Heegaard splittings). There appears to be a dis- 
crepancy about which set of partitions for Xi and X2 to choose to obtain 
the amalgamation genus. 





Xi X2 Xi X2 

Figure 3.3. Two amalgamations of (M,T{,r^) along T. 

There are two ways of resolving this apparent ambiguity. If we are care- 
ful in the above example in keeping track of the compression bodies Vi and 
Wi for Xi, i = 1,2, then it becomes clear that the first Heegaard split- 
ting is actually a Heegaard splitting of (M, r2,r{). Thus, if we regard 
{M,diM,d2M) and {M,d2M,diM) as different partitioned 3-manifolds, 
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there is a unique partition of each which gives rise to the amalgamation 
genus. If, however, we consider {M,diM,d2M) and {M,d2M,diM) as the 
same partitioned 3-manifolds, then we have the choice of two sets of par- 
titions for the components Xi, 1 < i < n, as seen above. While both of 
these statements are equivalent, we will adopt the latter convention for the 
purposes of this paper. That is, we consider the partitioned 3-manifolds 
(M, diM, (92 Af) and (Af, d2M, diM) as the same, and choose the set of par- 
titions of Xi, 1 < i < n, giving the smallest amalgamation genus. This 
convention is more natural topologically as the manifolds {M,diM,d2M) 
and (M, d2M, diM) are topologically the same, and also taking this conven- 
tion works more smoothly for our arguments. 

Definition 3.10. Of the two collections of partitions {Xi,diXi,d2Xi), 1 < 
i < n, discussed in Remark 13. 91 the one which gives the amalgamation genus 
of {M,diM,d2M) along F will be called ideal. If there is no discrepancy, 
then just choose one of the collections of partitions as ideal. 

Let F be an incompressible surface in M. Define a connected graph 
Gm,f associated to (M, F) as follows. A vertex of Gm,f corresponds to 
a component of M cut along F, and given two components Xi and X2 
of M cut along F, there is an edge between their corresponding vertices 
for every component of F contained in dXi n 8X2- Let i = bi{QM,F) = 
rank{Hi{QM,F;'^))- 

Proposition 3.11. Let F be a mutually separating incompressible surface 
in M , and let Xi, . . . , X„ be the components of M cut along F . Then 

n 

a{M, diM, d2M, F) = J2 9h{Xi, O^Xi, SaX^) - g{F) + £ 

where g{F) is the sum of the genera of each component of F, and the choice 
of the set of partitions [Xi, 81X1,82X1), 1 < i <n, is ideal. 

Proof. We induct on the number of components of F amalgamated along. 
For some 1 < i,j < n, i ^ j, let Mq be the 3-manifold obtained by attaching 
Xi to Xj along a component Fq of F contained in dXi n 8Xj. Let Vi Us, Wi 
and Vj Usj Wj be minimal genus Heegaard splittings of {Xi,8iXi,82Xi) and 
{Xj,8iXj,82Xj), respectively. As described above, an amalgamation along 
Fq is formed by compression bodies V (obtained by attaching 1-handles 
to Vj and components of {8^Vi — Fq) x /) and W (obtained by attaching 
1-handles to Wi and components of {d-Wj — Fq) x /). A simple Euler charac- 
teristic argument gives that a(Mo,5iMo,52Mo,Fo) = gh{Xi,8iXi,d2Xi) + 
gh{X,,8iX,,82X,)-g{F). 

Assume now that m — 1 components of F have been amalgamated along, 
and denote that subset of components as -Fm-i- Let Mm-i be the compo- 
nent of M cut along F — Fm-i containing -Fm-i (we may assume Mm-i 
is connected). Then Mm-i has a Heegaard splitting which is an amalga- 
mation along -Fm-i- Let Fm be some component of -F — -Fm-i which lies 
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in dMm-i, and let Xi and Xj be the components of M cut along F such 
that Fm C dXi n dXj. Without loss of generality, assume Xi C Mm-i 
and set M^ = M^-i U Xj if Xj is not contained in M^-i, and M^ = 
Mm-i otherwise. Then as above, we may form a Heegaard splitting of 
{Mm, diMm, d2Mm) that is an amalgamation along Fm U Fj 



m—l- 



The graph ^a/™,f„uf„_i is obtained from the graph ^m„_i,f,„_i by adding 
an edge. If &i(^m^,f„uF™_i) = &i(^m^_i,f„_i) after the addition of the 
edge, then Fm cuts off Xj from the rest of Mm- Hence the resulting 
Heegaard splitting of M has genus a{Mm,diMm,d2Mm, Fm U Fm-i) = 
a{Mm-i, diMm-i, d2Mm-i, Fm^i) + Qh^Xj , diXj , d2Xj) - g{Fm). If the ad- 
dition of the edge results in 6i(^m„,f„uf„_i) = &i(^a/„_i,f„_i) + 1, then 
both Xi and Xj are contained in Mm, and by an Euler characteristic argu- 
ment, amalgamating along Fm has the effect of decreasing the genus of the 
resulting Heegaard splitting by g{Fm), but increasing it by 1 due to the edge 
increasing the Betti number of the graph (as in what happens when com- 
puting an HNN extension of a fundamental group formed by taking a man- 
ifold and gluing together two of its boundary components). In other words, 
a{Mm,diMm,d2Mm,Fm^JFm^i) = a(M„, 9iM„_i, ^sM^.i, F„„i)-5(F„)+ 
1. 





Figure 3.4. Amalgamating along Fm forms a cycle in 
Sm^,f,^ and changes a{Mm~i,diMm~i,d2Mm.~i, Fm^i) by 
-g{Fm) + 1. 



D 



3.3. Graph manifolds and amalgamations. Heretofore our discussion 
has been for general 3-manifolds. We now shift attention to the case that 
M is a totally orientable graph manifold with G a system of canonical tori 
in the JSJ decomposition. If GM,e has any cycles containing an odd number 
of vertices, then Q fails to be mutually separating in M. Suppose that some 
cycle in Gnf,o) contains an odd number of vertices. Choose some edge e in 
this cycle, and take the corresponding torus Tg and add a parallel copy Tg 
in M. Continue this process for additional cycles in G{M,e) containing an 
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odd number of vertices. This yields a new disjoint union of tori Q' which is 
mutually separating and contains as a subset. Suppose that Q' is obtained 
by adding q such tori to @, chosen to be minimal among all possible choices. 

Definition 3.12. The set 0' constructed above will be called an amalga- 
matahle modification of 0. 

Definition 3.13. For a partitioned graph manifold (M,diM,d2M), the 
amalgamation genus, denoted a(M,diM,d2M), is defined to be 

a{M, diM, d2M) = a{M, diM, SaM, 0') 

where 0' is an amalgamatable modification of 0. 

Note that if M cut along consists of a disjoint union of Seifert fibered 
components Xi, . . . , Xn , then M cut along 0' consists of Xi , . . . , X^ (still 
referred to as the Seifert fibered components) as well as q components which 
are homeomorphic to T^ x /. The graph Qm,& will be denoted simply as 
Qm- 

Lemma 3.14. Let Qm be a connected graph with n vertices and m edges. 
Then i = 1 — n + m. 

Proof. The Betti numbers of Qm are 6o(^Af ) = 1, &i(^Af ) = i, and bj{QM) = 

for j > 2. The fact that x{Gm) = ^o(^A/) — ^i(^Af) implies that n — m = 

1 — i, and hence i = 1 — n + m. D 

Suppose (M, diM, d2M) is a partitioned graph manifold and suppose M 
cut along 0' has Seifert fibered components Xi,... ,X„. Assume the set 
of partitions {Xi, 81X1,82X1), I < i < n, corresponds to the ideal set of 
partitions of components of M cut along 0'. Define a(Xi,8iXi,d2Xi) = 
gh{Xi,8iXi,d2Xi)-l. 

Lemma 3.15. If {M, diM, d2M) is a partitioned graph manifold with 0' an 
amalagamatable modification of Q, then 

n 
a{M, 81M, 82M) = Y^ a{X„8iX„82Xi) +q+l. 

i=l 

Proof. Suppose that Ti,. . . ,Tq are the tori in that give parallel copies to 
form 0'. Let p = \Q\ — q, so that |0'| = p + 2q. Let (. = 61 (^a/), and note 
that gh{T'^ x I,T'^ x {0} U T^ x {1},0) = 2. By Proposition ITTTl 



a{M, 8iM, 82M) = Y, gh[X„8iX„82Xi) +2q-{p + 2q)+. 
i=l 

n 

= Y{a{X„8iX„ d2Xi) + l)-p + i 



i=l 
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= J2 <^i^ diXi,d2Xi) +n-p + L 

i=l 
By Lemma [3. 141 I = 1 — {n + q) + {p+ 2q) = I — n + p + q. Hence, 

n 

a{M, diM, d2M) = Y^ a{Xi,diXi,d2Xi) +q+l. 

u 

3.4. Amalgamations and stabilization. The following lemma establishes 
a relationship between stabilization and amalgamation for any compact, ori- 
entable 3-manifold. 

Lemma 3.16. Let F he a mutually separating incompressible surface in 
M, and let V VJsW and P Us Q he Heegaard splittings of {M, diM, d2M) 
which are both amalgamations along F. Suppose that Xi,...,X„ are the 
components of M cut along F, and that Vi^Si^i and PiL)-£.Qi are Heegaard 
splittings of {Xi, 81X1,82X1) obtained via untelescoping Vl^sW and PUy:Q, 
respectively. Let Gi be the minimal number of stabilizations of the higher 
genus splitting needed for Vi U5. Wi and Pi Us^ Qi to be isotopic in Xi. Then 
VUsW and P Us Q are isotopic after at most maxjiTj} stabilizations. 

Proof. Fix some i. Let gi be the genus of Vi U^. Wi and hi the genus of 
Pi Usi Qi- Without loss of generality, assume that gi > hi. Let V- U5" Wl 
be the result of stabilizing Vi U^- Wi ai times, and P/ Us' Q'i be the result 
of stabilizing Pi Us^ Qi gi — hi + ai times. Let B he a 3-ball in Xi such that 
Slr\B = T,[nB[s an equatorial disk in B, and y/ n = i^' n B. Then, the 
isotopy of y/ U5' Wl and P/ Us' Q'i taking F/ to P/, say, can be chosen to 
be fixed in i3. In fact, the same can be said for a finite number of 3-balls 
Bi,...,Bi. 

Now, as y U5 M^ and P Us Q are amalgamations along F, we can assume 
that S and P intersect P in P minus disjoint open disks. Let Bi,. . . ,Bi 
be pairwise disjoint 3-balls such that Bj n (P fl 8Xi) is an equatorial disk 
for 1 < j < I, and each Bj contains an open disk in (P n 8Xi) — (S f] P) 
where the 1-handle in V, W, P 01 Q meeting that open disk is not in Xi. 
Note that in Xi - U^=i0j, VUsW and P Us Q are equal to Vi U5, Wi and 
Pi Usi Qi respectively. Thus, after ai stabilizations, V' n Xi is isotopic in 
Xi to P' n Xi by keeping V n U^=iSj and P' n ^^j=iBj fixed. As P' Us' Q' 
has CTj stabilizations in Xi, those stabilizations can be isotoped into other 
components of M cut along P and the process can be repeated. Thus, 
y U5 VF and P Us Q are isotopic after at most niax{ai} stabilizations. 

D 

Corollary 3.17. Let V UsW and P Us Q be Heegaard splittings of a parti- 
tioned graph manifold {M,8iM,d2M) such that each splitting is an amalga- 
mation along G', where Q' is an amalgamatable modification of the system 
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of canonical tori in the JSJ decomposition of M . Then VUs W and PUs Q 
are isotopic after at most one stabilization of the higher genus splitting. 

Proof. Heegaard splittings of Seifert fibered spaces and manifolds honieo- 
morphic to T^ x / (with respect to appropriate partitions) are always iso- 
topic after one stabilization (^B]) CH])- Hence, by Lemma fH.lHL V Us W 
and P Us Q are isotopic after at most one stabilization of the higher genus 
splitting. □ 

Corollary 13.171 implies the case of Theorem ll.ll in which both VUs W and 
P Us Q are amalgamations along Q'. 

3.5. Recognizing Amalgamations. The following lemma gives a charac- 
terization of Heegaard splittings that are amalgamations along a mutually 
separating disjoint union of incompressible tori. 

Lemma 3.18. Suppose Q' is a mutually separating disjoint union of in- 
compressible tori in a 3-manifold M so that M cut along G' is Mi U M2 (as 
in Definition s^) . Let V UsW be a Heegaard splitting of {M,diM,d2M) 
such that S is isotoped to meet each component of Q' in curves which are 
essential in both surfaces (this can always be done e.g. for a stabilization of 
a strongly irreducible Heegaard splitting). Then VUsW is an amalgamation 
along Q' if and only if (after isotopy) each annulus component ofVPiQ' has 
a spanning disk in V contained in Mg , and each component of W CiQ' has 
a spanning disk in W contained in M^i, where {e, e'} = {1,2}. 

The case of Lemma \'A. 181 where 0' consists of a single torus is Lemma 3.1 
in |3]. Applying that lemma to each component of Q' gives the above result. 

4. Heegaard splittings of graph manifolds and the active 

component 

For the remainder of this paper, M will denote a totally orientable graph 
manifold. For this section, consider M as discussed in Remark 12.71 with 
N{Q) as edge manifolds and M — N{Q) as Seifert fibered components. We 
refer to an edge manifold as N{T) where T is a component of @. 

Remark 4.1. It follows from Theorem 4.1 in [J that generically, Heegaard 
splittings of graph manifolds are amalgamations along incompressible sur- 
faces. In a graph manifold, a component of an incompressible surface can be 
isotoped to be a canonical torus, or to be vertical or horizontal in each Seifert 
component of the manifold (see Lemma 4.2 in ^HI)- The latter situation is 
somewhat restricted by the gluings of the Seifert fibered components along 
the canonical tori, unless the incompressible surface is a union of tori (pos- 
sibly canonical) that are vertical in individual Seifert fibered components. 
If this is the case, cutting along these tori yields graph manifolds containing 
Heegaard splitting obtained from untelescoping, which can be analyzed in 
an inductive fashion. Thus, it follows that generically, Heegaard splittings of 
graph manifolds are amalgamations along an amalgamatable modification 



14 RYAN DERBY- TALBOT 

of the system of canonical tori in the JSJ decomposition. By Corollary 1^.171 
any two such splittings are isotopic after at most one stabilization. Thus, 
the Heegaard splittings which are not amalgamations along an amalgamat- 
able modification of the system of canonical tori in the JSJ decomposition 
are of interest. 

Definition 4.2. A (not necessarily connected) surface F in a Seifert fibered 
space X is vertical if it is incompressible and consists of fibers of X, and is 
horizontal if it is incompressible and transverse to each fiber of X. A surface 
F in X is pseudovertical if it is obtained from a vertical surface via ambient 
1-surgery along arcs which meet the vertical surface at their endpoints and 
which project to distinct simple arcs in the base B of X. If / is a fiber of 
X, F is pseudohorizontal if it is horizontal in X — N{f) and F n N{f) is an 
incompressible annulus in N{f) with core /. 

The main theorem in JH] is that any strongly irreducible Heegaard split- 
ting V Us W oi M has a standard form. 

Theorem 4.3 (JHJ) Theorem 1.1). Let VUsW be a strongly irreducible Hee- 
gaard splitting of a totally orientable partitioned graph manifold (M, diM, d2M). 
Then V U^ W can be isotoped to intersect each Seifert fibered component X 
of AI such that SOX is horizontal, pseudohorizontal, vertical, or pseudover- 
tical, and S intersects each edge manifold N(T) such that: 

1. Sr]N{T) is obtained from a disjoint union of incompressible annuli in 
N{T) by possibly performing ambient 1-surgery along an arc isotopic 
into dN{T), or 

2. There are a pair of simple closed curves cq and ci on T that intersect 
in a single point p, and SnN{T) is isotopic to the frontier of a regular 
neighborhood of cq x {0} U {p} x / U ci x {1}. 

In the case that is empty, the above theorem reduces to the charac- 
terization of Heegaard splittings of Seifert fibered spaces given in [HI. As 
the stabilization problem has been solved for Heegaard splittings of Seifert 
fibered spaces in JHIj we shall assume henceforth that G is nonempty. 

Let FUgW^ be a strongly irreducible Heegaard splitting of (M, diM, d2M). 
In obtaining the above characterization of V Us W it is useful to isotope S 
so that S is essential in all but one component of M — N{Q) U N{Q). 

Lemma 4.4 (^Hl? Lemma 6.1). Let V Us W be a strongly irreducible Hee- 
gaard splitting of a partitioned graph manifold {M,diM,d2M). If D C V 
and E <zW are essential disks, then, after isotopy of S, the outermost disk 
components of D cut along G and E cut along G lie in the same Seifert 
fibered component or edge manifold N of M . Moreover, for each Seifert 
fibered component or edge manifold N' ^ N , S Ci N' is incompressible. 

The proof relies on the fact that G consists of tori. The idea is that by 
taking an outermost disk component D' of D cut along G and the annulus A 
of FnG which it meets, two copies of D' attached to a rectangle in A can be 
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isotoped to a compressing disk for V inside the Seifert fibered piece or edge 
manifold A^ containing D'. The fact that it is a compressing disk for V in 
N follows from the assumption that 1 5 n 1 is minimal (see Remark I2.5J) so 
that Son contains no boundary parallel annuli. The strong irreducibility 
oi V Us W then implies that all such disks must exist in A^, implying the 
lemma. 

Definition 4.5. The component A^ in Lemma 18.41 is called the active com- 
ponent. 

Further examination of the active component reveals that its structure 
can be well understood. 

Lemma 4.6. Let V Us W be a strongly irreducible Heegaard splitting of a 
partitioned graph manifold {M,diM,d2M). After isotopy, either the active 
component N is an edge manifold, or it is a Seifert fibered component and 
S n N is psuedohorizontal. 

Proof. This lemma follows straightforwardly from Proposition 7.5 and Lemma 
7.10 in dB]. D 

Upon further inspection, we have an explicit understanding of what the 
Heegaard splitting surface looks like in the active component if it is an edge 
manifold. 

Lemma 4.7. Let V Us W be a strongly irreducible Heegaard splitting of 
{M,diAI,d2M), and suppose that the active component N is an edge man- 
ifold. Then after isotopy, either: 

1. S f] N is a disjoint union of essential annuli and a component ob- 
tained by taking two incompressible annuli, at least one of which is 
boundary parallel in N , and performing ambient 1-surgery along an 
arc parallel into the boundary connecting the two annuli, or 

2. There are a pair of simple closed curves cq and ci on T that intersect 
in a single point p, and S ON is isotopic to the frontier of a regular 
neighborhood of cq x {0} U {p} x I U ci x {1}. 

Proof. If y U5VF is a strongly irreducible Heegaard splitting of (M, di M, d2M) , 
then as in Remark 12. 5( S can be isotoped so that no component of F n or 
VF n (and hence no component of F fl dN{Q) or VF n dN{Q)) is parallel 
into dj^V or dj^W . Furthermore, the isotopies performed in Proposition 7.5 
and Lemma 7.10 in ^Sl to give Lemma 14.61 do not introduce any boundary 
parallel annuli into the active component when it is an edge manifold. Thus, 
we can assume that S CiN does not contain any components which are par- 
allel into dN. The only remaining possibility given by Theorem 14., 31 is that 
Son consists of a disjoint union of essential annuli in N and a 4-times 
punctured sphere component, obtained from ambient 1-surgery along an arc 
a connecting two incompressible annuli in A^. 

Suppose D d V and E <Z W are essential disks. Then D n dN and 
E n dN are nonempty, and by Lemma 18.41 the outermost disk components 
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of D and E cut along d lie in A^ as boundary compressing disks of S n A^. If 
a connects two essential annuli in A^, then there are boundary compressing 
disks for 5 n A^ in one of the compression bodies but not the other (see 
Figure E!T|) . contradicting the existence of boundary compressing disks given 
by outermost disk components of both D and E. Thus we conclude that at 
least one of the annuli meeting a is boundary parallel. 




boundary compressing disk for S 



Figure 4.1. S cannot have a component obtained from am- 
bient 1-surgery along two essential annuli in A^. 

Note that if the annuli meeting a are both boundary parallel into different 
components of dN such that the projection of their cores on a component 
of dN has the same slope, then the 4-punctured sphere component of S" fl A^ 
is isotopic to the 4-punctured sphere component obtained from performing 
ambient 1-surgery along an arc connecting two essential annuli in A'^ (see 
e.g. Figure ESJ, which is the case above. 

n 

We summarize the above results in the following definition. 

Definition 4.8. Suppose that V Us M^ is a strongly irreducible Heegaard 
splitting of a paritioned graph manifold (M, diM, d2M) isotoped as in Lemma f4.6l 
and Lemma [4.7l Then 1/ U5 VF is said to be in active position with respect to 
G. In particular, 5 is essential in each component of (M — N(Q) U A^(0)) — 
A^, and A^ is either an edge manifold, or A^ is a Seifert fibered component 
and S n A^ is pseudohorizontal. 

If A^ is an edge manifold, then either S fl A^ is aligned (Figure l4.2j) . or 
5 n A^ is a toggle (Figure O)) . 

Suppose that V U5 W is in active position with respect to O. Then the 
active component A^ is either equal to N{T) for some component T of B, or 
A^ is a Seifert fibered component of M such that S* fl A^ is psuedohorizontal. 
In the former case, to simplify our arguments, assume that Q is modified by 
replacing T with dN{T). This allows us to assume that V U5 W being in 
active position implies for every component X of M cut along G except for 
A^, S" n X is either vertical or horizontal in the context of Definition 14.21 
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Figure 4.2. Possibilities (i) and (ii) (schematic) for conclu- 
sion 1 in Lemma 14.71 (5 fl A^ is aligned). 




Figure 4.3. Possibility for conclusion 2 in Lemma lTTl f.S'nA^ 
is a toggle). 

Definition 4.9. Suppose that, if necessary, Q is modified as above. A 
component X of M cut along G is a horizontal component if S O X is 
horizontal, and a vertical component if 5 fl X is vertical. 

Note that this definition only makes sense when 5 is in a fixed active posi- 
tion. Also note that components of dM can only lie in vertical components. 

5. The case of no horizontal components 

The goal of the next sections will be to prove the following generalization 
of Theorem ll.il 

Theorem 5.1. Let {M,diM,d2M) be a partitioned totally orientable graph 
manifold with © a system of canonical tori in the JSJ decomposition, and 
let 0' be an amalgamatable modification of Q. Suppose V UsW and P Ue 
Q are Heegaard splittings of {A4,diM,d2M) such that V Us W either is 
an amalgamation along Q' or is strongly irreducible, and P Ue Q is an 
amalgamation along Q' . Then V Ug W and P Us Q are isotopic after at 
most one stabilization of the larger genus splitting. 

As mentioned above, we assume that 0' ^ 0. The case that 1/ U5 VF and 
P Us Q are both amalgamations along 0' is established in Corollary 13.171 
Thus assume that V Us H^ is a strongly irreducible Heegaard splitting of 
genus g. As 0' is mutually separating, denote Mi and M2 as the manifolds 
obtained from cutting M along 0' (see Definition l3.2|) . We will use the struc- 
ture of y Us 1^ provided in SectionHto show that if g > a{M, diM, d2M), 
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then after stabilizing FUs'VF once to V'Us'W, S' can be isotoped so that ev- 
ery component of V' Ci Q' has a spanning disk in M^ and every component of 
W'nQ' has a spanning disk in M^i, where {e, e'} = {1, 2}. Lemma r^.lSl then 
impUes that V'Us'W is an amalgamation along O'. li g < a{M, diM, d2M), 
then the same result holds after stabilizing VUsW a{M, diM, d2M) — g + 1 
times. 

We use this strategy first to prove Theorem 15.11 in the special case that 
M cut along has no horizontal components. 

Lemma 5.2. If M cut along has no horizontal components and if N is an 
edge manifold (in particular S Ci N is not psuedohorizontal) , then V U^ W 
and a Heegaard splitting which is an amalgamation along 0' are isotopic 
after at most one stabilization of the higher genus splitting. 

Proof. By assumption, M cut along contains only vertical components, 
and the active component N is an edge manifold. Note that for two vertical 
components Yi and Y2, it must be the case that dYi n 9I2 = 0- Otherwise, 
the fiberings of Yi and I2 would line up and they would be considered a single 
vertical component of M. Thus, other than the genus 1 splitting of T^ x I 
(the only example of a strongly irreducible amalgamation along a torus), 
there are only two possible configurations for M: (1) either M = Yi U A^uy2 
where A^ is an edge manifold and S* n A^ is a toggle (see Figure 14. 3() , Yi is 
a vertical component and S DYi is a, single vertical annulus for i = 1,2, or 
(2) M = Yi U A^ where S* n A'" is a toggle and Yi is a vertical component 
with S* n Yi a disjoint union of two vertical annuli, each having a boundary 
component on each component of dYi. Note that this implies the genus of 
V Us W is 2. In case (1), for each i = 1,2, Yi is a Seifert fibered space 
over a disk with two exceptional fibers, over an annulus with one or zero 
exceptional fibers, or over a twice punctured disk with no exceptional fibers. 
In case (2), Yi is a Seifert fibered space over an annulus with zero, one or two 
exceptional fibers, over a twice punctured disk with one or zero exceptional 
fibers, or over a three-times punctured disk with no exceptional fibers. 

For (1), one can check that 1 < a{M,diM,d2M) < 3, depending on the 
partition {M,diM,d2M). Consider as one of the boundary components 
of A^, without loss of generality the component of A^ n Yi. The compression 
bodies V and W intersect in two annuli Ay and A\y, respectively. Note 
that A\Y has a spanning disk in A^ given by the toggle. Stabilize V U5 W by 
adding a 1-handle i? to M^ in Yi such that H is adjacent to Ay. Then there 
is a spanning disk of Ay which intersects the cocore of H in a single point. 
By Lemma l3. 181 the stabilized splitting V Us' W is an amalgamation along 
0. 

For (2), is non-separating, so we can take 0' = dN. Here, since dYi 
contains the two components of 0', it is straightforward to check that 3 < 
a{M, diM, d2M) < 4, with a{M, diM, d2M) = 3 if and only if Yi is a Seifert 
fibered space over an annulus with zero or one exceptional fibers, or over a 
twice punctured disk with no exceptional fibers. In these cases, stabilizing S 
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Figure 5.1. An amalgamation along Q. 

in Yi as above provides spanning disks in Yi for two of the annuli in 1/ n 0' 
(see Figure EH). The toggle gives spanning disks in N for the components 
oiWOQ'. By Lemma 13.181 V Us' W is isotopic to an amalgamation along 
G'. 

spanning disks 




Figure 5.2. One stabilization of S in Yi gives two spanning 
disks for components of V CiQ' . 



In the case that a{A-I, diM, d2M) = 4, then after 2 stabilizations, one for 
each component of G' as done for case (1), V' Us' W is an amalgamation 
along G' by Lemma 13.181 

In both cases (1) and (2), the Heegaard splitting FU5T4^ becomes an amal- 
gamation along G' after stabilizing the splitting to have genus a{M, diM, d2M). 
By Corollarv l3.171 any two amalgamations along G' are isotopic after at most 
1 stabilization. 

D 

6. HORIZONTAL COMPONENTS AND TUBES 

Having established Theorem 15.11 in the case that M has no horizontal 
components and the active component is an edge manifold, assume hence- 
forth that M has a horizontal component or that the active component N 
is Seifert fibered and S* n A^ is pseudohorizontal. 

Let G' be an amalgamatable modification of G, constructed as in Defin- 
tion 13.121 Note that M cut along G' consists of Seifert fibered components 
homeomorphic to the components of Af cut along G, in addition to com- 
ponents that are homeomorphic to T^ x /. As before, we will refer to the 
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Seifert fibered components as horizontal, vertical or active, and the remain- 
ing components (other than the active component) as T^ x / components. 
Note that by definition, no component of M cut along 0' meets a component 
of 0' on both sides. 



6.1. Horizontal surfaces and fundamental 2-conipIexes. Let X be a 

horizontal component of M, and suppose X has Seifert fibered data given 
by 



Pi 
g;m; — , 



Pk_ 



Let 



Label the boundary components of the base B of X by 5i,...,(5„ 
Ai, . . . , A2g be properly embedded arcs in B from 5i to itself, uj2, ■ ■ ■ ,ujm 
properly embedded arcs in B from 5i to 62, ■ ■ ■ ,Sm respectively, chosen so 
that the arcs are pairwise disjoint and cut B into a disk. If /c > 2 let 
71, ... , 7fc_i be arcs in B from 5i to 5i which cut off each of the exceptional 
points ei, . . . , e^-i from the rest of B, disjoint from the previous arcs. Let 




Figure 6.1. Arcs that cut B into k — 1 disks each containing 
an exceptional point if A; > 2, or one disk with one or no 
exceptional points if /c < 1. 

Ti denote the component of dX which projects to 61 on B. 

Definition 6.1. Each of the arcs Ai, . . . , X2g,^2, ■ ■ ■ ,^m,^i, ■ ■ ■ )7fe-i lifts 
to an essential annulus Aj = Aj x S^, Qi = coi x S^ , and Lj = 7^ x 5"*^ in X. 
The union of these annuli 
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fc-i 



G = u Ai u y 0, u y r, 

j=l i=2 i=l 

is a called a fundamental 2-complex for X built at Ti. 
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The main feature of a fundamental 2-complex G for X is that X cut along 
G is a disjoint union of solid tori with an exceptional fiber in each solid torus 
if fc > 1, or a single solid torus containing no exceptional fibers if A: = 0. In 
particular, if F is a connected horizontal essential surface in X, F cut along 
the arcs in G n F is a disjoint union of disks. 

6.2. Tube sliding. The goal of this section, established in Lemma l6.1fl( is 
to show that stabilizing V Us M^ in a horizontal component produces tubes 
which can be exported into neighboring components of M cut along Q' . The 
following discussion describes the types of isotopy that we use to show this 
result. Note that for convenience we will often fix a compression body in 
making our arguments {e.g. stabilizing in V), although a symmetric result 
holds when choosing the other compression body instead. 

Let X be a horizontal component of M cut along G', and let Zi, ..., Zn be 
the components of y fl X. Then for each 1 < i < n, Zi is homeomorphic to 
Fxl, where F is a punctured surface (in particular Zi is a handlebody). Fix 
some i. By Prop osition 13 . 1 1 every component of ZiddX has a spanning disk 
in V. Then, taking outermost disk components if necessary, some component 
A oi ZiO dX has a spanning disk D such that D n Z, is a spanning arc a of 
A. 

Let a be a vertical arc in Zi parallel to a. Then the disk D gives that 
a is boundary parallel. Thus, we can stabilize V Us W in Zi by attaching 
a 1-handle H to W such that the core of -ff is a and removing H from V . 
Let V yjgi W denote this stabilization and note that S = S' outside of Zj, 
while S' n Zi is connected. 

Observe that S' n Zi is isotopic (rel d) to the surface obtained from a 
disjoint union of properly embedded annuli in Zi parallel to the components 
of Zi n dX via ambient 1-surgery along arcs connecting those annuli (see 
Figure FT^ . Let T denote the arcs used for the ambient 1-surgery, and take 
T to be properly embedded m. Fq = F x {1/2}, where Zi = F x I. Note 
that Fq cut along T is a disk. 

Let G be a fundamental 2-complex of X built at Ti, where Ti is some 
component of dX. As G cuts Fq into disks, the arcs in T can be chosen to 
be a subset of the arcs in G DFq; namely all of the arcs in AdFq, all of the 
arcs in QdFq, and a subset of the arcs in Fn -Fq such that the union of the 
chosen arcs does not separate Fq. 

Definition 6.2. Let D he a compressing disk for d^V in V' (of d-^-W in 
W'). A tube in V' (in W') is a regular neighborhood D x I oi D such that 
dD X I c d+V' (c d+W). For a tube t = D x I, the core of r is an arc 
Po X I where po is a point chosen in the interior of D, the cocore of r is the 
simple closed curve dD x {1/2}, and the feet of r are the disks D x {0} and 
Dx{l}. 

Definition 6.3. After performing the above isotopy of S' Zi so that the 
arcs in T are spanning arcs of components of G and form cores of tubes in 
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stabilization 




Figure 6.2. Isotoping S' in Zj. 

V (as in Figure ini21) ) we say that S' fl Zi is in tube position with respect to 
G. 




Figure 6.3. The tubes have cores on G. 



Note that above we obtained S' fl Zi in tube position by stabiUzing V in 
Zi. The same positioning of S' fl Zi could have been obtained if some tube 
in W' were isotoped into Zi so that its core is parallel to a spanning arc of 
a component of Zi dX. 

Remark 6.4. Assume that X = N \s a, Seifert fibered component of M 
cut along 0' which is the active component. By Lemma 14.61 S n A^ is 
pseudohorizontal. Thus 5 n A^ is connected and S fl (A^ — N{f)) is two 
copies of a horizontal surface in N — N{f), where / is some fiber in A^. 
Isotoping the annulus S n A^(/) into A^ — A^(/) allows S" n A^ to be isotoped 
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in N to be in tube position (without adding a tube), just as was the case 
for a horizontal component above (after adding a tube). This ahows us to 
treat A^ as a horizontal component by considering the structure of 5 Pi A^ in 
tube position. 

Definition 6.5. Two tubes ri and T2 are adjacent on G if the cores of ri 
and T2 lie on the same annulus component of G, and there are no arcs of 
G f] Fq between them. 

The arcs oi GDFq used to form T can be chosen so that all of the arcs of 
a particular Fj n Fq are adjacent on Tj. As T contains all the arcs in AdFq 
and QCiFq, we can assume that all arcs in T on some component of G are 
adjacent. 

For the following definition, first assume that V D X has only one com- 
ponent Zi. 

Definition 6.6. Suppose that ri and T2 are adjacent tubes on G. Let Ai 
and A2 be annulus components of W Pi dX between the feet of ri and 
T2 (possibly ^41 = ^2). If there exists a spanning disk Di for Ai such that 
Z?! n X is a spanning arc of Ai, then we may isotope ti along a neighbrohood 
of Di and a rectangle in G — tiL)t2 so that the core of ri becomes a spanning 
arc of A2 ■ Such a move is called a tube slide into A2 (see Figure 16. 4() . 




Figure 6.4. A tube slide. 

Let T be the component of dX containing A2- After slightly pushing T2 
through A2, the essential curves of intersection S'CiX are the same as before 
the tube slide. Hence after tube sliding, V'n@ = Vn@andW'nQ = Wn@ 
remain a disjoint union of properly embedded incompressible annuli, and T2 
is contained in the component of M cut along 0' across T from X. 

Suppose now that V DX has more than one component. Let Zi be such a 
component, and stabilize FUgW^ in Zi as before. Set S' = {S'r\X) — {S'riZi). 
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Note that S' is a disjoint union of parallel horizontal surfaces in X. After 
isotoping Zi n S' into tube position, as above we may perform a tube slide 
for any of the resulting tubes. This time, however, the tube ri is isotoped 
through a rectangle in G — (ri U S') and a foot of ti is isotoped along a 
component of S' (see Figure I6.5|) . 




Figure 6.5. A tube slide in the case VOX has more than 1 component. 



Definition 6.7. Let r be a tube in V', say, and suppose that r is contained 
in a component X of M cut along G'. Let A he a component of W' n dX. 
Then r is adjacent to A if there as a spanning disk of A contained in W' H X 
meeting the cocore of r in a single point. 

Note that r being adjacent to A is equivalent to the condition that r 
can be isotoped so that its core is a spanning arc of A, and this isotopy is 
performed so that the core of r is always in X. 

dX 



A 



Figure 6.6. A tube r adjacent to the annulus A. 



The following discussion describes a second type of isotopy we will use for 
isotoping tubes. 

Definition 6.8. A tube r in V' is trivial if it can be isotoped so that there 
is an essential disk in W meeting the cocore of r in V' in a single point. 
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Lemma 6.9. Suppose that t is a trivial tube in either V or W' . Then r 
can he isotoped so that it is adjacent to any component of V Q or any 
component of W fl G . 

Proof. The proof is similar to showing that there is only one way to stabilize 
a given Heegaard splitting up to isotopy. For a fixed compressing disk in 
W, say, a trivial tube in V' can be isotoped such that its core becomes 
a properly embedded arc in this disk. Let r be a trivial tube in V' fl X, 
and let A be any annulus component of W' H Q. By Proposition mil A has 
a spanning disk D which we fix in M. If ,S is a 3-ball containing r and 
intersecting S' in a single circle, then by isotoping B we can move r so that 
the core of r is a properly embedded arc in D. Then using D, r can be 
isotoped to be adjacent to A. If r is in W', the same argument holds not 
for r but for a dual tube r', where the disk in V' giving the triviality of r 
becomes the cocore of r'. 





dual (if necessary) 

Figure 6.7. A trivial tube is adjacent to any component of 
S' cut along Q'. 



D 



Now we show that stabilizing V Ug 14^ in a horizontal component yields 
tubes which can be isotoped into other components of M cut along Q'. Let 
{X, dX, 0) be a partition of X. Set a{X) = a{X, dX, 0) = gh{X, dX, 0) - L 
Note that if G is a fundamental 2-complex of X then \G\ = a{X) (the 
Heegaard genus of (X, dX, 0) is 2g( + 77i + /c — 1 if /c > 1 and 2g + m\ik = 0; 
see Remark 19. 1() . 

Lemma 6.10. Let X he a horizontal component of M cut along 0' and 
suppose that for some component Zi of V r\ X, there is a tube in W' n 
X (resulting from either stabilization or isotopy) which is adjacent to a 
component of Zi n dX. Then S' n Zj can he isotoped so that all but at 
most a{X) tubes are isotoped into neighboring components of M cut along 
Q' . Moreover, if S' is isotoped this way in every component ofVOX, then 
at most a{X) tubes remain in X . 

Proof. Suppose first that V D X has only one component. Let S' D X be 
obtained from SOX hy adding a tube to W that is adjacent to a component 
of y n dX. Let Ai denote a component of W' fl dX which has a spanning 
disk that meets X only in a spanning arc of Ai, and let Ti be the component 
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of dX containing Ai . Now let G be a fundamental 2-coinplex for X built at 
Ti. Isotope S' r\ X to be in tube position with respect to G. 

As the number of components of G is a(X), isotoping S' f^X to be in tube 
position gives at least a{X) tubes in V' with cores lying on components of G, 
and any two tubes on the same component of G can be taken to be adjacent. 
Moreover, if there are at least a{X) + 1 tubes, then some component of G 
has two adjacent tubes, and they can be chosen so that the annulus A\ is 
between the feet of the tubes on one end, as in Figure l6^ Let A2 denote the 
component of W PI dX between the feet on the other ends of the tubes, and 
let T2 be the component oidX containing A2 (possibly Ti = T2). Performing 
a tube slide, we may isotope one of the tubes r to be adjacent to A2 in the 
component X' of M cut along G' across T2 from X. 

If Ai = A2, then r is trivial due to the spanning disk for Ai used in the 
tube slide. Thus, applying Lemma IH^ r (or a dual tube) may be isotoped 
to be adjacent to another component which we call A2 of W D dX. If 
Ai ^ A2, then r forms a spanning disk for A2 in X' . In either case, there is 
a spanning disk formed for some component A2 of W fl dX that is not Ai. 
Note that if there is no other such component, then the tube r is trivial. 

If there are at least a{X) + 1 remaining tubes in X, then the spanning 
disk obtained for A2 is one that can be used for a new tube slide (modifying 
the choice of the tubes obtained from isotoping S' CiX into tube position if 
necessary). Thus, by repeating the above process, all but a{X) tubes (one 
for each component of G) can be isotoped out of X by tube sliding. 

Now suppose that V D X has n components where re > 1, and let Zi be 
a component of V (1 X. Add a tube to W (1 X (either by stabilization or 
isotopy) so that it is adjacent to Zi n dX. Suppose that no other compo- 
nent oi V r\ X has such a tube. The resulting surface S' Ci X consists of 
a connected component S' n Zi along with 2(n — 1) remaining connected 
horizontal essential surfaces S'. Let Wi be a component oiWnX such that 
Zi n Wi is a component of 5" n X. Then some component Ai of Wi D dX has 
a spanning disk Di meeting Wi only in a spanning arc of Ai. As before, let 
Ti denote the component of dX containing Ai and let G be a fundamental 
2-complex of X built at Ti. Isotope S' fl Zi to be in tube position with 
respect to G. 

Let r be a tube whose foot is isotopic into Ai (such a tube exists, since 
S' n Zi in tube position implies that for every component A of Zi D dX 
there is some tube obtained from ambient 1-surgery along an arc in T with 
at least one endpoint on an annulus parallel in X to A). Using Di, isotope 
r via a tube slide to be adjacent to a spanning arc of the annulus A2, as in 
Figure Em Thus r is adjacent to A2 in some component X' of M cut along 
&', and hence produces a spanning disk for A2 in a neighboring component 
of M cut along 0'. 

Note that it could be the case that Di runs along r not in Wi but on the 
other side of Zi in a component Wl ofWnX that also meets Zi nontrivially. 
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If this is the case, then some component A[ of W[ D dX has a spanning disk 
given by a component of Di — W[ which does not run along r and meets 
W[ only in a spanning arc of A'^ (see Figure 18.21 for a schematic of this 
phenomenon). If this is the case, take W[ as the component H^i, A'^ as Ai 
and the spanning disk component of Di — W[ as Di and apply the above 
argument. 

As before, if Ai = A2 then r is trivial via the spanning disk Di for 
Ai. Thus applying Lemma 16.91 there is a spanning disk available for a new 
component A2 of Wi n X. If Ai ^ A2, then r gives a spanning disk of the 
original A2. We repeat the process until every tube formed by S' H Zi is 
isotoped out of X to be adjacent to a component oi W H dX. The only 
remaining components of S' n Zi after this isotopy are annuli which are 
parallel to the annuli in Zi n dX. Note also that in forming the spanning 
disks used to slide tubes of 5' fl Zi , each component of Wi n dX obtained a 
spanning disk in a neighboring component of X, either from an adjacent tube 
or a spanning disk of the annulus that existed before isotopy. Further isotopy 
of the tubes outside of X will not effect the existence of these spanning disks 
(we will discuss this formally in the next section). 

Now suppose Zi is some component of ^ n X, and suppose that in the 
components Zi,...,Zj„i, S' has been isotoped as above. Assume that a 
tube is isotoped into Zi and S' n Zi is isotoped into tube position. Tube 
slides for tubes formed by S' n Zi can now be performed using spanning 
disks for components of Wi fl dX along with previously established spanning 
disks from the above procedure (see Figure 16. 8|) . Repeating this process 
eventually reduces the proof to the case where S r\ X has two components. 
Thus the result follows. 




Figure 6.8. A tube slide using two spanning disks. The 
disk D2 is formed from tube sliding a previous component of 

s'r\X. 



D 
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7. Spanning disks and tube isotopies 

In the previous section we showed that if a tube is added to a component 
of y' n X where X is a horizontal component, then all but at most a{X) 
tubes can be isotoped out of X into neighboring components. The remainder 
of our discussion centers on how to isotope those tubes once they are out 
of X. This first requires a discussion of spanning disks of components of O' 
cut along 5". 

7.1. Spanning disks. Suppose that A is a component of M^ n 0' (before 
stabilizing). By Proposition 13.11 A has a spanning disk D. After applying 
an innermost disk, outermost arc argument, D can be assumed to intersect 
components of M cut along 0' in the following ways: 

• If X is a horizontal component and Z = F x I is a, component of 
lynX where F is a punctured surface, then DOZ is a disjoint union 
of disks of the form 6i x /, where the arcs 6i are disjoint essential 
arcs on F. 

• If y is a vertical component, and f7 is a component of T4^ n y that 
does not contain an exceptional fiber or a component of dM (so U is 
a solid torus), then DDU consists of a disjoint union of meridian disks 
of U. (Note that if U contains an exceptional fiber or component of 
dM, then D is assumed not to intersect U.) 

• If Q is a T^ X I component, then each component of VF n Q is a solid 
torus and hence D (IQ is & disjoint union of meridian disks. 

• If A^ is the active component, then D DW D N is a disjoint union 
of boundary compressing disks for S (1 N in WON, and possibly 
meridian disks of any solid tori components of VF fl A^ if A^ is an edge 
manifold and is aligned (see Figure U21)- 

We shall say that a spanning disk isotoped in this way is in standard position. 

Let X be a horizontal component, and let Z he a component oi V D X. 
Consider Z = F x I where -F is a punctured surface. Note that spanning 
disks in W for components oi Q' CiW will intersect Z in a (possibly empty) 
disjoint union of essential arcs in F x {0} or F x {1}. In particular, if 
y U5 VF is stabilized by adding a tube r to VF so that r is adjacent to some 
component of Z D 0', then the cocore of r can be assumed to be disjoint 
from the arcs on F x {0} and F x {1}. In other words, spanning disks for 
W persist under stabilization of V Us W in Z. 

Next we observe what happens to a spanning disk via tube sliding. Sup- 
pose that ^ is a component of W Q' and D is a spanning disk for A in 
standard position. Suppose that D D Z ^ $. Then after stabilizing 1/ U5 W^ 
in Z and isotoping S' (1 Z into tube position, D n S' H Z is a disjoint union 
of essential arcs, each arc running over some tube once. In particular, each 
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component oi X CiD can be taken to be a component of G cut along S' (or 
a parallel copy of such a component), where G is a fundamental 2-complex 
for X. Suppose that r and r' are tubes meeting the boundary of some 
component Dq of D f] X nontrivially. Perform a tube slide of r so that r 
becomes adjacent to a component A' of Dq n dX. Thus we may replace D 
with the component of D cut along A' not containing Dq (or component of 
D not containing Dq and parallel copies of Dq if D ran between r and r' 
more than once) as a spanning disk for A'. See Figure [TTTl 

components of 

w'nx 




Figure 7.1. A tube slide cuts off the spanning disk D. The 
disk Di is the spanning disk used for the tube slide as in 
Definition 16.61 

7.2. Tube isotopies. We have already described two ways of isotoping 
tubes, namely via isotoping trivial tubes as in Lemma 16. 9( and via tube 
slides as in Lemma I6.1UI In particular, both of these types of isotopy can 
be assumed to isotope tubes along components of spanning disks. Now we 
add a third type of isotopy to our list. 

Definition 7.1. Suppose that L'^ is a solid torus in M and that S' U 
is obtained from two properly embedded longitudinal annuli by ambient 1- 
surgery along an arc parallel into dU which connects them. Let r be the 
tube obtained from the ambient 1-surgery, and suppose r is in V' . Then a 
dual tube swap of r is an isotopy of S' D U in U yielding a tube r' in W' 
connecting two longitudinal annuli in U. See Figure U~2l 



Remark 7.2. These three types of isotopy - tube slides, trivial tube iso- 
topies, and dual tube swaps - in addition to isotoping tubes guided by 
spanning disks, will be the ways that we isotope tubes once they are out of 
horizontal components. Note that if r is isotoped to be adjacent to some 
component A of W' &' , say, then if r is further isotoped via spanning 
disks, trivial tube isotopies and/or dual tube swaps, so long as r does not 
go through A there will continue to exist a spanning disk for A. That is: (1) 
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D 





Figure 7.2. A dual tube swap performed between two an- 
nul! in a solid torus connected by a tube. 



if r is isotoped via spanning disks or tube slides then a spanning disk for A 
will continue to run along r once, (2) if r is trivial then the disk giving the 
triviality of r is a spanning disk for A disjoint from r, and (3) if a dual tube 
swap of T is performed then there is a spanning disk for A which is disjoint 
from the dual tube formed. Note also that the components Q' cut along S' 
can be assumed to be unchanged after each type of isotopy. 

8. Mutual Separability, T"^ x I components and edge manifold 

ACTIVE components 

We have seen in Section El that stabilizing VUsWina horizontal com- 
ponent yields tubes which can be isotoped into neighboring components. 
Using the types of isotopy described in the previous section, those tubes 
can further be isotoped in the neighboring components, which can be T^ x / 
components, the active component, or vertical components. In the following 
sections we shall deal with each scenario in turn. In this section we discuss 
what happens when tubes are isotoped into a T^ x I component Q or into 
the active component A^ if A^ is an edge manifold (as mentioned in Sectional 
if A^ is a Seifert fibered component with S f] N psuedohorizontal, then we 
treat it as a horizontal component after isotopy - see R,emark l6.4|) . Note 
that in both situations, the component Q or A^ is homeomorphic to T^ x /. 

8.1. Mutual separability and blocked annuli. Before discussing the iso- 
topies of tubes in components homeomorphic to T^ x /, we need to consider 
the general implications of Q' being mutually separating. 

Definition 8.1. Let X be a component of M cut along Q' . Suppose that a 
Heegaard splitting V' Us' W of (M, diM, d2M) is isotoped so that S' meets 
each component of &' in simple closed curves essential on both surfaces. A 
component A of dX cut along B' is called blocked in X if there is a spanning 
disk D of A contained entirely in X. Otherwise A is unblocked in X. 

Recall that by construction, G' is mutually separating. Thus, the compo- 
nents of M cut along &' can be partitioned into two manifolds Mi and M2 
such that every component of Q' has a neighborhood that meets Mi and 
M2 nontrivially. To establish that V Us W stabilizes to an amalgamation 
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dX 



unblocked 
annuli 




blocked annulus 



Figure 8.1. Blocked and unblocked annuli in dX cut along S". 

along O', Lemma l3. 181 requires that every component of V' fl Q' is blocked 
in Ml and every component of W' Q' is blocked in M2, or vice versa. 
Note that if X is a horizontal component and every component of V^' H X is 
isotoped into tube position as per Lemma l6.in( then it is easy to see that 
every component of V' D dX is blocked in X. 

Remark 8.2. Suppose that X is a horizontal component of M cut along 
G' such that V Us W is stabilized in V D X. Then this determines that 
the blocked components of dX cut along B' are in V' D dX. If X C Mi, 
this implies that every component X' of M cut along 0' must have blocked 
annuli in V n dX' if X' C Mi and in W n dX' if X' C M2 in order to 
apply Lemma 13.181 In particular, this determines a set of ideal partitions 
for components of M cut along Q' , namely the components of X' fl G' must 
all be contained in diX' when X' C Mi, and in d2X' when X' C M2. Thus 
we will choose to stabilize y U5 M^ in either V CiX or W CiX, depending on 
which gives rise to the ideal set of partitions of M. 

8.2. T"^ X I components. Let Q be a T^ x I component of M cut along G' 
which is not the active component. Then S OQ consists of essential annuli, 
each of which has its boundary components on different components of dQ. 
Note that Q cannot meet vertical components at both its boundary compo- 
nents, for this would imply that the fiberings of the two vertical components 
and Q line up so that dQ would not have been chosen as components of G'. 
Let Xi and X2 be the components of M cut along G' meeting dQ (possibly 
Xi = X2). We show that a tube can often be passed through Q and more- 
over, if S' can be isotoped so that components of V' n dXi are blocked in 
Xi, i = 1,2, then then the components of W' fl dQ can be blocked in Q. 

Lemma 8.3. Let t C V be a tube isotoped into a T'^ x I component Q. 
Then if S'dQ has essential annular components disjoint from r, after a dual 
tube swap of r the dual tube t' can be isotoped into X or X' so that t' is 
trivial or adjacent to a component ofV'ndQ. Moreover, if every component 
of V' n dQ n dXi is blocked in Xi, i = 1,2, then after isotoping a tube in 
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V' into Q, S' n Q can be isotoped so that every component of W n dQ is 
blocked in Q. 

Proof. If T C V is isotoped into Q, then a dual tube swap yields a dual 
tube r' C W. Assume that there exist components of S' D Q which are 
essential annuli (thus disjoint from r'). Then the feet of r' are isotopic into 
one of four possible components Ai,A2,A3 or A4 of V fl dQ. We note that 
there has to be some Ai with a spanning disk disjoint from t' (if r was tube 
slid out of Xi where Xi is a horizontal component, this is obvious). To see 
this, take a spanning disk Di of Ai, say. Such a spanning disks exists by 
Lemma l3. II If the disk Di is not disjoint from r', then some outermost disk 
component D of Di cut along UJ^2^i i^- This disk D is our desired spanning 
disk (see Figure l8?2|) . 




Figure 8.2. A spanning disk for a component of V' D dQ 
that is disjoint from r'. 

Thus t' can be isotoped out of Q by an isotopy guided by D so that r' 
becomes adjacent to a component of V'OdQ. Note that this introduces a pair 
of components of S' (IQ that are parallel to components of W dQ giving 
spanning disks in Q for those components. They are next to components of 
V n dQ which have spanning disks, namely D and the spanning disk in X2 
formed by r' after isotopy. If t' is trivial then then disk giving its triviality 
is the spanning disk for that component of W fl dQ. By Remark 17.21 the 
existence of these spanning disks will persist under additional isotopy of 
tubes. 



c 




y'nXi 



Figure 8.3. Isotopy of t' to be adjacent to a component of 
V n dQ in Xi. 
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The second assertion of the lemma fohows from the fact that after isotop- 
ing T into Q and then dual tube swapping, the existence of spanning disks 
for each component of V D dQ outside of Q implies that the dual tube r' is 
trivial. 
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Figure 8.4. Dual tube swapping r in Q yields a trivial tube. 

By Lemma 16.91 r' can thus be isotoped into Q to connect other essential 
annular components of S (iQ. After repeating this argument until all essen- 
tial annular components of S' OQ have been eliminated, S' CiQ is such that 
every component of W n dQ is blocked in Q (see Figure 18. 4|) . 



dQ 



J \ 





Figure 8.5. Isotoping S' n Q so that every component of 
W n dQ is blocked in Q. 



D 



Note that if S'CiQ is isotoped as above, then any additional tubes isotoped 
into Q can be isotoped through Q or are trivial. Also note in order to isotope 
S' r\Q so that every component of W' fl Q is blocked in Q, Q requires 1 tube 
isotoped into it. 



34 RYAN DERBY- TALBOT 

8.3. The active component as an edge manifold. Suppose the active 
component N is an edge manifold. Then either A^ is a T^ x / component or 
is part of a Seifert fibered component of M cut along Q'. In each of these 
situations we obtain an analogue of Lemma 18.31 for N. 

Lemma 8.4. Suppose the active component N is an edge manifold. 

1. If N is a T"^ X I component and t is a tube in V isotoped into N, 
then either r is trivial or after a dual tube swap it can be isotoped to 
be adjacent to a component ofV'OdN in a neighboring component of 
N . Moreover, if every component ofV'CidN is blocked in neighboring 
components of N, S'nN can be isotoped so that every component of 
W n ON is blocked in N. 

2. If N is contained in a Seifert fibered component X (I.e. A^ intersects 
Q' in only one component T), then a tube r in V' isotoped into N 
is either trivial or can be isotoped through N to be adjacent to a 
component ofW'ndN. Moreover, if every component ofV'n{dN — 
T) is blocked in X — N, then S' (1 N can be isotoped so that som,e 
component of W OT is blocked in the component of M cut along Q' 
meeting N at T. 

Proof. Suppose first that iV is a T^ x / component. If S" n A^ is a toggle, 
then any tube isotoped into A^ is trivial. Moreover, if the components of 
V n dN are blocked in neighboring components of A^, then it is easy to see 
that the components of W' D dN are blocked in A^. 

Suppose that S" n A^ is aligned. If r is isotoped into A^ such that r con- 
nects two essential annular components of S' D N, then as in the proof of 
Lemma [8.31 after performing a dual tube swap the resulting dual tube r' 
can be isotoped to be adjacent to a component of V D dN in a neighbor- 
ing component of A^. Also as in the proof of Lemma 18.31 this results in 
components of 5" fl A^ which are parallel to components of W D dN, with 
components of V f] dN next to them having spanning disks outside of A^. If 
another tube is isotoped into A'^ with one foot on such a boundary parallel 
component, then the aforementioned disks either give the tube as trivial or 
provide an isotopy of the foot of the tube onto a component of 5" n A^ which 
is not boundary parallel. Thus the above argument may be repeated. 

If at least one of the feet r lies on the 4-times punctured sphere component 
of S' n A^, then either r is trivial or performing a dual tube swap allows 
the dual tube r' to be isotoped either to be trivial or to be adjacent to a 
component of V' fl dN in a neighboring component of A^. This uses the fact, 
similar to what was shown in the proof of Lemma 18.31 that some spanning 
disk for a component of V' fl dN into which a foot of r' is isotopic is disjoint 
from r'. An example of such a situation is given in Figure WM 

If every component of V' H dN is blocked in neighboring components of 
A'^, then it is straightforward to show (possibly using dual disk swaps and 
trivial tube isotopies) that 5'n A^ is isotopic to a disjoint union of boundary 
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Figure 8.6. A dual tube slide yields the tube r'. As in the 
proof of Lemma [8.3l some component of UCiQ' has a spanning 
disk disjoint from t' that can be used to isotope t' through 

N. 

parallel annuli with a tube connecting a pair of such annuli with boundary 
components on different components of dN (as in Figure l83]) . Thus the first 
conclusion of the lemma follows. 

Now suppose that N is contained in some Seifert fibered component X. 
Let Xo = X-N and set T' = iVnXo and T = dN-T'. As before, if 5'niV 
is a toggle then every tube isotopic into N is trivial. If S" n iV is aligned 
then it is easy to see that any tube in V , say, isotoped into N is trivial or 
can be isotoped through A^ (possibly using a spanning disk of an annulus 
as in Figure IH^ to be adjacent to a component of W n A in a neighboring 
component of A^. 

Suppose that every component of V CiT is blocked in Xq . If S" fl A is a 
toggle, then S' nX can be isotoped as in the proof of Lemma [3.18l so that S' 
intersects T' in T' with open disk removed. In particular, this allows for a 
dual tube swap of the tube in the toggle, which can be isotoped through T 
to be adjacent to a component of W fl T in the component of M cut along 
e' that meets A at T (see Figure IHT)) . 




Figure 8.7. Isotoping a toggle to yield a tube adjacent to 
a component of Q' cut along S". 

If S" n A is aligned, then either a tube can be isotoped directly across a 
component of W (1 T (as in Figure 15^ . or if such a tube is isotopic into T, 
then (possibly after a dual tube swap) there is a trivial tube which can be 
isotoped via Lemma 16.91 to be adjacent to a component of W fl T. 

D 
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Figure 8.8. Isotoping S" n A^ to give a spanning disk on the 
other side of T in the case that S' Pi N \s ahgned. 

The importance of Lemma 18.41 is twofold. First, it shows that if N is 
an edge manifold, then tubes can be appropriately passed through N and 
into other components of M cut along ©'. Secondly, it shows that if S' is 
isotoped so that components of V' n dN ^ say, are blocked in neighboring 
components to A'^, then one less tube is needed from tube isotopies to block 
all the components of W' n dN . If A^ is a T^ x / component, then the active 
component supplies the tube in N that otherwise would need to be isotoped 
into a T^ X I component to obtain spanning disks for every component of 
W r\dN , as in Lemma l8.3l If A^ is part of a Seifert fibered component, then 
isotoping 5' n A^ as in Lemma l8 . 41 shows that one less tube is needed for the 
components of W PI ON n 0' to be blocked in the neighboring component 
to A''. We will use this fact in Section [TUl 

9. Vertical components 

Now we consider the case that a component of M cut along Q' is vertical. 
As we saw in the case that a tube was isotoped into aT'^ x I component, the 
tube could be passed on to a neighboring component of Q unless it connected 
the last two essential annular components of S' D Q, in which case it stayed 
in Q. In this section we show a similar result for vertical components, in 
that a tube isotoped into a vertical component Y can either be passed on 
to another component of M cut along Q' or remains in Y. 

Let y be a vertical component of M cut along &', and suppose that in 
every component X oi M cut along G' that meets Y (no such component 
can be vertical as this would imply that the fiberings of Y and X line up) 
S" n X is isotoped so that every component of V n {dX n dY) is blocked in 
X {e.g. X is horizontal and each component oi S' D X is in tube position). 
Set diY = diM n dY and d2Y = {diM n dY) U {dY n 9). This gives a 
partition (y, diY., d2Y) of Y . We will call this partition weighted \i diY = $ 
and d2M n dY ^ 0, and unweighted otherwise. For simplicity of notation, 
set gh^X) = gh{X-,diY,d2Y) and a{Y) = gh{Y) — 1. Let tue be the number 
of components of OM n Y. 
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Remark 9.1. If y is a Seifert fibered component of a graph manifold M 
such that Y has a partition (Y,diY,d2Y) given as above, then 

, - (2g + m-\-k — 1 if fc > 1, or tue > 1 and {Y, diY, d2Y) is not weighted 
yh{ ^ ~ y 2g + m if fc = 0, and tue = or {Y, diY, d2Y) is weighted 

where Y is given by the Seifert data I g; m; ^, . . . , ^ 

If A: > 1, or niE > 1 and (^,51^,52^) is not weighted, then gh{Y) is the 
standard Heegaard genus for Y, as shown for example in ^^l- If A: = 0, 
and niE = or {Y, diY, d2Y) is weighted, then all the boundary components 
of Y lie in one of the compression bodies of the Heegaard splitting, hence 
gh{Y) is the standard Heegaard genus of Y plus one. 

Lemma 9.2. Let Y be a vertical component of M cut along Q' , and suppose 
that in every component X of M cut along Q' which meets Y (other than 
Y), S' n X is isotoped so that every component of V n {dY n dX) has a 
spanning disk in X . Then after isotoping a{Y) or a{Y) + 1 tubes into Y 
every annulus component of W (1 {dY — dM) has a spanning disk in Y . 
Moreover, in the case that a{Y) + 1 tubes are isotoped into Y , after isotopy 
the above conclusion holds and there is an additional tube in Y which is 
trivial. 

Proof. Suppose Y has Seifert data 

Pi Pk 

g;m; — ,..., — 

ai Ok 

Let U he a component of Y cut along S (before stabilizing). Then U is 
homeomorphic to D^ x S^ or T^ x I. Let £{U) be the number of exceptional 
fibers or the number of components of dY n dM contained in U. Note 
that U cannot contain both an exceptional fiber of Y and a component of 
dY n dM, thus e{U) = or 1. Let u{U) = \U n {W n {dY - dM))\ (note 
that u{U) > 1). Set c{U) = u{U) + £{U) - 1. 

Let Ui, . . . ,Ur be the components oi W CiY and let Ti, . . . , T^ be the 
components of V DY. Define 

r s 

c{Y) = j2cm+Y.c{T,). 

i=l 1=1 

Let t denote the number of tubes needed to be isotoped into Y such that 
every annulus component of W {dY — dM) has a spanning disk in Y. By 
assumption, every component of V' {dY — dJVI) has a spanning disk in a 
neighboring Seifert fibered component to Y. 

Claim: t = c{Y) or c{Y) + 1. If t = c{Y) + 1, then either (1) after sliding 
t tubes into Y and isotoping there is a trivial tube in Y, or (2) k = 0, and 
ruE = or (y, diY, d2Y) is weighted. 
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Proof. First note that if c{Ui) = for some i, then Ui f] S is parallel to 
Ui n G'. This contradicts the assumption that V Us W is in active position, 
i.e. all annuli in B' n M^ are essential in W. Thus c{Ui) > 1 for 1 < i < r. 
Note that if c(Ui) tubes are isotoped into Ui such that each component of 
Ui n {dY — dM) has at most one adjacent tube, then each component of 
W n {dY — dM) in Ui has a spanning disk in Ui (see Figure IQ.lj) . Also 
note that if c{Ui) tubes are isotoped into C/j, then for a given component 
of Ui n {dY — dM)., possibly after isotopy, there is a tube adjacent to it. 
Moreover, if two tubes are isotoped to be adjacent to the same component 
of W n {dY — dM)., one of the tubes is trivial and can be isotoped via 
Lemma 16.91 to be adjacent to another component of W n {dY — dM) as 
needed. 

components of 

W n {dY - dM) 



spanning disks 




exceptional fiber 





Figure 9.1. The cases for C/j: (i) e(C/j) = 0, (ii) Ui contains 
an exceptional fiber, and (iii) Ui contains a component of 
dM. 



Now consider Tj for some 1 < i < s. The quantity c(Tj) = or —1, 
depending on whether e(Tj) = 1 or 0. If c(Tj) = 0, then it contributes 
nothing to c{Y), and therefore does not affect the calculation of t. If on the 
other hand c(Tj) = —1, then we need to show that one of the Yl\=i c(f^j) 
potential tubes needed for each component of W n {dY — dM) to have a 
spanning disk in Y is in fact unnecessary, or if it is the case that all the 
components of W fl {dY — dM) already have spanning disks in y, that a 
trivial tube is produced as in conclusion (1) of the claim. 

So assume that c(Tj) = —1. Thus Tj is a solid torus containing no 
exceptional fibers. As before, |Tj n dY\ > 2 since |Tj n dY\ = 1 implies 
that V r\Q' has an inessential annulus, contradicting the assumption that 
V VJsW \s in active position. As |Tj n dY\ = |Ti n S\, this implies Tj meets 
components of Ul^^Ui in at least 2 annuli. 

Suppose that Ui meets Tj in a component of Tj n S. Assume that after 
isotoping tubes into f7/, there is a tube r with a foot on that component of 
Tj n S* (note that we can always assume this, by isotoping as many as c{Ui) 
tubes into Ui). Suppose that the other foot of r does not lie on Tj n S, 
and this is the first such tube isotoped into Y that satisfies this condition. 
Then by a dual tube swap, r is replaced so that Tj is connected to some 
other Tj via two annuli (one of which is parallel into dY) and a tube r' 
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connecting them. Since Tj contains no exceptional fibers or components of 
dM, a meridian disk of Tj gives that r' is trivial (see Figure ESJ • 



components of V' fl {dY — dM) 



T 




e 



trivial tube 




Figure 9.2. A dual tube swap along r. 

As Tj is combined with Tj, after redefining Ui, . . . ,Ur and Ti, . . . , T^ the 
number s goes down by one and the number r goes up by one. Note that 
the new component U of W Ci Y created in the dual tube swap is a solid 
torus with no exceptional fibers. A meridian disk of U is thus a spanning 
disk for the corresponding component of W fl dY, and moreover c(JJ) = 
so it leaves the calculation of c{Y) unaffected. 

By Lemma l6. 91 isotope r' to be adjacent to another component of Ui' D 
(dY — dM) (possibly in I = I') as needed to form a spanning disk of that 
component in Y. Then the above argument can be repeated as necessary. 
Note that this lowers the number of tubes needed for components of Ui' D 
(dY — dM) to have a spanning disk in Y by one, as desired. If, for every 
1 < I < r, every component of Ui H (dY — dM) already has a spanning disk 
in Y, then there is a trivial tube left over, and conclusion (1) of the claim 
results. 

The following argument shows that if s > 1, then for some Ui we can 
always assume that after isotoping at most c{Ui) tubes into Ui there is a 
tube T which for a fixed i meets Tj at one of its feet and some Tj, j ^ i, 
at the other. In particular, we show that if s > 1 then there is some 
component of W' (1 (dY — dM) which has one boundary component on 
Tj n 5" and the other on Tj n S for some i ^ j. To see this, note that 
U'i^idUi -dM = {SnY)U (W n {dY - dM)). Assume that there is no 
component of W D {dY — dM) intersecting in its boundary 5Tj and dTj 
for some i ^ j- Then we can set Si = S H OTj, S~- = ^j^iS n 5Tj, and take 
Wl to be the components of W' fl {dY — dM) meeting Tj in both boundary 
components, and W^ to be the components of W' fl {dY — dM) meeting Tj 
in both boundary components for j ^ i. Observe that S r\Y = SiU S~ 
and W' n {dY - dM) = W/ U WL Now, for any Uu the component of dUi 
intersecting dY — dM is connected, hence dUi is contained in Si U W/ or 
S^ U Wl. for each 1 < / < r. But then the sets Tj U {Ui\dUi C 5j U W^ and 
Uj^jTj U {Ui\dUi C S'j U Wi} disconnect Y , which is a contradiction. Thus 
there must be some Ui such that after isotoping at most c{Ui) tubes into 
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Ui there is a tube which is adjacent to a component of dUi n {dY — dM) 
between Tj and Tj. 

We are reduced to the case that after isotopy either s > 1 and c(Tj) = 
for ah 1 < i < s, or s = 1 and c(Tj) = —1. In the former case, precisely 
c(^) = I]i=i c{Ui) + Yl,l=i c(T"i) = ZlLi c(f^i) tubes are needed for every 
component of W' r\{dY — dM) have a spanning disk in Y , and the conclusion 
of the claim is satisfied. Note that for some c(Tj) to equal zero, Tj must 
contain an exceptional fiber or a component of dM, implying that A; > 1, or 
tue > and {Y, diY, d2Y) is not weighted. 

For the final case, assume that s = 1 and c(Tj) = c(T) = —1. If A; > 1, let 
Ui be a component oi W CiY containing an exceptional fiber. Since s = 1, 
dUi n dT 7^ 0, hence a tube isotoped into Ui has both feet on dT. Let r be 
such a tube and assume first that both feet of r lie on the same component 

ofSnT. 

By a dual tube swap, we can take T to be a solid torus such that S" n T is 
obtained from a punctured torus in dT and the frontier of a neighborhood of 
the exceptional fiber in Ui by ambient 1-surgery along an arc connecting the 
two. As Heegaard splittings of a solid torus are standard, this gives a trivial 
tube in T (see Figure 19. 3|) . After applying this isotopy, the exceptional 
fiber initially in Ui is now in T instead. Thus c{Ui) has decreased by one 
and c(T) has increased by one, plus there is a trivial tube to be isotoped via 
Lemma [6.9l to be adjacent to another component of W'r]{dY — dM). Hence, 
the number of tubes needed to be isotoped into Y to obtain a spanning disk 
in Y of every component of W n {dY - dM) is Yl'i=i c{Ui) + c(T) + 1 = 
Si=ic(^i) = ciY), or if there are already c{Y) tubes in Y so that every 
component of W fl {dY n dM) has a spanning disk in y, there is a trivial 
tube as in conclusion (1) of the claim. 



Ui 





T 




^ 


r 


N 










r\* ) 




^_ 




_^ 




K 


J 




Figure 9.3. Using a dual tube swap and isotopy to redefine 
Ui and T. 



If the feet of r lie on different components of T n 5", then we require that 
each component of Ui fl {dY — dM) have a tube adjacent to it in Ui. Thus, 
as c(T) = —1, we need X]I=i c(f^i) + c(T) + 1 = c{Y) + 1 tubes slid into Y 
to perform our desired isotopy. After dual swapping each tube, it is easy 
to see that we obtain S" n y as resulting from amalgamation of a stabilized 
Heegaard splitting of Y (see Figure l9^ . Hence there is an additional tube 
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which is trivial due to the stabihzatioii, and conclusion (1) of the claim 
holds. 





Figure 9.4. After dual tube swap we obtain a Heegaard 
splitting of genus 1 greater than the Heegaard genus, yielding 
a trivial tube. 

Finally, suppose that k = and c(T) = — 1 so that T contains no excep- 
tional fibers or components of dM and none of the Ui, 1 < i < r, contain 
exceptional fibers. Either itie = 0, or ruE 7^ 0. If niE 7^ 0, the Ui contain 
components of dM, and this implies (Y, diY, d2Y) is weighted. In either 
case, c{Y) = X][=i c(C/j) + c(T) = Yll=i ciUi) — 1. Hence, the number of 
tubes needed to be slid into Y to get spanning disks in Y for each component 
of W n {dY - dM) is YJl^^ c{Ui) = c{Y) + 1. This is conclusion (2) of the 
claim. 

D 

To complete the proof of the lemma, it suffices to show that 

c{Y) if /c > 1, or ruE > 1 and (Y, diY, d2Y) is not weighted 



'I c{Y) + 1 if /c = 0, and ttie = or (Y, diY, d2Y) is weighted 

Showing this implies that t = a{Y) unless conclusion (1) of the claim 
holds, in which case t = a{Y) + 1 and after sliding in t tubes there is a 
trivial tube in Y. 

First assume that k > 1 oi niE > 1 and {Y, diY, d2Y) is not weighted. 
Then, 



ciY) = ^cm + ^ciT, 



i=l i=l 

r s 

= Y,m n {dY -dM)\+ £([/,) - 1) + ^{e{Ti) - 1). 
j=i 1=1 

Noting that \Ui n {dY - dM)\ = \UinS\, this becomes 

r s 

= Y,i\U^ nS\+ e{U,) - 1) + Y.{e{T,) - 1) 

1=1 i=l 

= IS" n y| + THE + k — r — s 
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since Yll=i ^{^i) + YjI=i ^C^i) = k + niE- 

Now, if B is the base of Y, then an Euler characteristic calculation shows 
that x{B) = {r + s) — \S nY\ — niE- The above then becomes 

= -x{B) + k 
= -{2 - 2g - m) + k 

= 2g + m + k-2 

Since k > 1 oi the > 1 and (Y, diY, d2Y) is not weighted, by Remark 19. II 
gh{Y) = 2g + m-\-k — 1. Hence 

2g + m + k-2 = gh{Y)-l = a{Y). 

If A: = and either niE = or (y, diY, d2Y) is weighted, then as in the 
proof of the claim, we can assume that s = 1 and c(T) = —1. Thus we have 



i=l 
r 

= Y,{\UinS\+e{Ui)-l)-l 

i=\ 

= \Sr\Y\^mE-r -\ 
= -X{B) 

= 2g + m-2. 
By Remark 19. II in this case gniX) = 2g + m, and hence it follows that 

c{Y) + 1 = gh{Y) - 1 = a{Y). 

D 

Note that the proof of Lemma 19.21 implies that a tube isotoped into Y 
either is trivial or contributes to the a{Y) tubes needed for each component 
of W n {dY — dM) to be blocked in Y . Also, if more than a{Y) tubes 
are isotoped into Y , then there must be a trivial tube which is not needed 
for every component of W Pi {dY — dM) to have a spanning disk in Y . 
This trivial tube can thus be isotoped freely in M by Lemma 16.91 without 
changing the conclusion of Lemma 19.21 

10. Proof of the main results 

In this section we prove Theorem 15.11 and the generalization of Corol- 
lary E21 that it implies. 
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10.1. Isotoping tubes to other horizontal components. Let Xi, . . . ,Xh 
be the horizontal components of M cut along Q' (include the active com- 
ponent N in this list if A^ is a Seifert fibered component and 5 n A^ is 
psuedohorizontal), Yi, . . . , 1^ be the vertical components, and Qi, ■ ■ ■ ,Qq 
be the T"^ x I components. 

Definition 10.1. Assume that Xi, . . . ,Xj are contained in Mi and Xj^i, . . . , X^ 
are contained in M2, where Mi and M2 are the manifolds given by Q' 
as in Definition 13.21 Then the components Zi, . . . , Z„ of {^l^iXi nV)D 
{u'l^jj^iXi n W) are the components of U^^^^Xj cut along S requiring tubes 
to be added to them, as discussed in Remark 18.21 We will call Zi, . . . ,Zn 
the ideal components of the horizontal components, as they correspond to 
the ideal partition of (M, diM, 82 M). 

Lemma 10.2. Let Zi, . . . ,Zn be the ideal components ofWCiU^^iXi and Vn 
uf^^Xi. Letg be the genus of V Li sW , and suppose that g > a{M,diM,d2M). 
Then after one stabilization of V U5 W, for every 1 < i < n, Zi has some 
tube Ti isotopic into it such that ti is adjacent to a component of Z^ fl Q' . 

Proof. Fix some 1 <i <n. Suppose that the component Zi is contained in 
y nX;- . By adding a tube to W in Zi such that it is adjacent to a component 
of Zi n G' and then isotoping S' fl Zi into tube position, we obtain ti tubes 
(note that if Zi and Zj both lie in the same horizontal component, then 
ti = tj). Applying Lemma Ri.lOL after tube sliding and further isotopy, these 
tubes can be isotoped into various components of M cut along Q' cut along 
S. Note that isotoping a tube out of Zi into some component U of M cut 
along Q' cut along S leaves all the other components of M cut along Q' cut 
along S unaffected by the isotopy. Set 

ti = Xi + yi + qi+ Pi 
where after isotopy, Xi is the number of tubes that remain in X/., yi is the 
number of tubes isotoped into vertical components, qi is the number of tubes 
isotoped into components homeomorphic to T^ x I, and pi is the number of 
tubes isotoped into other components Zj, j ^ i. Assume that this is done 
so that Pi is maximal; in particular any trivial tubes will be isotoped into 
some Zj via Lemma 16.91 Moreover, if two tubes are isotoped into the same 
Zj, then one of the tubes is trivial. It is straightforward to see that any 
tube slid out of Zi must be in one of the 4 categories above, and moreover 
any spanning disks of components of G' cut along S' formed by tubes can 
be assumed to be in the correct compression body, as per R,emark 18.21 

Now stabilize yUgVl^ in Zi so that the stabilization is adjacent to a com- 
ponent of Zi n G'. Then via isotoping tubes using spanning disks, applying 
Lemmas l6.9|l6.10ll8.3l and l9.21 isotope tubes into as many Zj components as 
possible so that the tubes are adjacent to components of ZjCiQ'. Once a tube 
is isotoped into some Zj, S' (iZj can be isotoped into tube position and then 
via tube slides and isotopy of tubes along spanning disks, those tubes can be 
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isotoped to other components of M cut along 0' cut along S. Reorder the 
components Zi, . . . , Zn so that Zi, . . . , Zi denote all the components which 
have a tube isotoped into them via the above process, pi > ... > Pi, and 
i is maximal over all choices of isotopy. Note that by Lemma 16.91 we can 
initially stabilize y Ug VF in any of the components Zi, . . . ,Zi to obtain the 
above isotopy. 

Suppose that i < n, so there is some component Zi^i such that no tube 
is isotoped into it after applying the above isotopy. Then the components 
Zj_|_i, . . . , Zn do not have any tubes isotoped into them from this isotopy, 
and it must be the case that pi = 0. In particular, there must be no trivial 
tubes left over after the isotopy. 

Now stabilize S' in Zi^i as well, and isotope as before. Assume that after 
doing this, all of the components Zj+i, . . . , Z„, have had a tube isotoped 
into them and, reordering if necessary, Pi-\.i > . . . > Pn- The case that 
more subsets of the Zj components are needed for this process is more 
cumbersome and does not require any new arguments beyond the case that 
there are two such subsets. Hence we prove the lemma for the case of two 
subsets Zi, . . . , Zi and Zi+i, . . . ,Zn, although the same arguments can be 
applied to the case when there are more than two subsets. 

Note that p„ = 0, for otherwise there would be some tube in Z„ which 
could be isotoped into another component Zj. If j > i + 1, then the tube 
is trivial. Thus the tube can be isotoped into some component Zj where 
1 ^ j ^ i- But then stabilizing V Us W in Zi^i initially would not only 
isotope tubes into each of Zj+i, . . . , Z„, but by isotoping the tube from 
Zn into, say Zi and then performing the initial isotopy, the components 
Zi, . . . ,Zi would also have tubes isotoped into them as well. This contradicts 
our assumption that i is maximal. 

Now let U he a component of M cut along G' cut along S which is a 
solid torus and does not contain an exceptional fiber or a component of 
dM. Thus U is contained in a vertical component, a T^ x / component, or 
the active component A^ if A^ is an aligned edge manifold. We will call such 
a component a simple component. 

Claim: After stabilizing F U5 14^ in both Zi and Zi^i as above, there is no 
simple component U such that each component of dU D 0' has a distinct 
tube adjacent to it in U. 



Proof. Suppose that after stabilizing y U5 W^ in Zi and Zi^i, [/ is a simple 
component such that each component of dUCiQ' has a distinct tube adjacent 
to it in U. First note that if all the tubes in U are isotoped from stabilizing 
VUsW in Zi, say, then automatically one of the tubes is trivial. This tube 
can then be isotoped into Zj+i via Lemma 16.91 a contradiction. Let ri be 
a tube resulting from stabilizing 1/ U5 VF in Zi, and T2 be a tube resulting 
from stabilizing V Us W in Zj+i such that ri and T2 are isotoped into U 
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and each have a foot on some component of 5 n C/. Let Ai and A2 be the 
components of dU fl 0' to which n and T2 are respectively adjacent. 




Figure 10.1. Each component of U has a distinct tube ad- 
jacent to it. 

Suppose that T2 was isotoped via a tube shde and isotopy along spanning 
disks to be adjacent to A2. By reversing the the tube slide, we see that A2 
has a spanning disk that runs along T2 once (see Figure [T().2j) . If T2 is trivial, 



Ao 



A, 



T2 



\ 




T2 




Figure 10.2. A spanning disk for A2 running along T2 once. 

then by definition there is a disk meeting the cocore of T2 in a single point. 
That disk can be taken as a spanning disk of A2 after isotoping T2 back to 
its original position. Note that this spanning disk of A2 can be assumed not 
to intersect T2. Finally, if T2 is obtained via a dual tube swap, then reversing 
the dual tube yields a spanning disk for A2 as in Figure [10.31 



Ao 



T2 



Ao 



Figure 10.3. A spanning disk for A2 obtained by the rever- 
sal of a dual tube swap. 



The upshot is that for a tube such as T2 which, after isotopy, forms a 
spanning disk for some component of G' cut along S such as ^2) then there 
is a spanning disk for A2 which runs along T2 at most one time before tube 
sliding and isotopy. 
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Let Z?2 be a spanning disk of A2 which runs along the pre-isotoped T2 at 
most once. In particular D2 can be taken as a spanning disk for A2 before 
stabilizing V Us W in Zj+i. Thus assume that V Us W is only stabilized 
once in Zi. If the disk D2 is disjoint from ri, D2 guides an isotopy of ri 



across A2 , as indicated in Figure llfl.4l 

A2 




Figure 10.4. Isotoping ti across Ai via the disk D2. 

Note that in Figure ITO. 41 D2 was assumed to be disjoint from the interior 
of U. This can always be done, for otherwise T2 would be isotoped into U 
by going through some other component of dUOQ' first, and we would have 
taken T2 as adjacent to that component. (If ri and T2 are adjacent to the 
same component of U Ci Q', then the same arguments apply, taking U as 
a solid torus between ri and T2, and using the disk Di to isotope T2 to be 
trivial if D2 is not disjoint from the interior of U). 

By a symmetric argument, if a spanning disk Di of Ai before stabilizing 
y U5 VF in Zi is disjoint from T2, then T2 can be isotoped across Ai. 

Now suppose that Di and D2 are not disjoint from T2 and ti, respectively. 
This implies Di runs along T2 at least once and D2 runs along ti at least 
once. As this can only occur if both ri and T2 are isotoped via tube slides 
(the spanning disks for Ai and A2 formed by trivial tube isotopies and dual 
tube swaps can be taken as disjoint from ti or T2), it must be the case 
that Di and D2 run along T2 and ri before stabilization and isotopy via 
tube slides. This cannot happen, however, as stabilizing y U5 VF in Zi and 
isotoping Ti to be adjacent to Ai would not allow then for T2 to be isotoped 
to be adjacent to A2 after stabilizing V Us' W additionally in Zj+i, as T2 
then has no disk to be used for tube sliding (see Figure [TU.5() . 

Thus it must be the case that one of ti or T2 can be isotoped through A2 
or Ai, respectively. Repeating this argument for each component oi U D Q', 
we conclude that one of the tubes isotoped to be adjacent to a component 
oi U nQ' must be trivial. Without loss of generality, if that tube is one that 
resulted from stabilizing V Us W in Zi, then the tube can be isotoped via 
Lemma 16.91 into Zj+i, which is a contradiction. D 

Now, having stabilized V Us W in both Zi and Zj+i and isotoping, we 
have assumed that all components Zj, 1 < j < n, have a tube isotopic into 
them. Moreover, we have Pi+i = Pn = 0. By the claim, after this isotopy 
no simple component U is such that every component of dU D Q' contains 
a distinct tube adjacent to it. 
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Figure 10.5. If Di and D2 are not disjoint from T2 and ri 
respectively before isotopy, then T2 cannot be isotoped to be 
adjacent to A2 after stabilizing in both Zi and Zj+i. 



Suppose that L'^ is in a vertical component. If we can perform a dual tube 
swap on some tube in U to obtain a trivial tube as in the proof of Lemma f9.21 
then that tube could be isotoped into Zi or Zj+i and by Lemma 16.91 and 
we obtain a contradiction. Thus, each simple component contains at most 
\dU n dY\ — 1 tubes, and each non-simple component contains at most 
\dU n dY\ tubes. Since there are no dual tube swaps yielding trivial tubes, 
as in the proof of Lemma 19.21 it must be the case that there are at most 
^^=1 ^0^) tubes isotoped into the vertical components, i.e., 



5^y^<^a(yi). 



i=l 



i=l 



For the components Qi, . . . , Qq, Lemma 18 . 31 implies that at most one tube 
is isotoped into each Qj. Thus, the number of possible tubes in the simple 
components of Qi, . . . , Qg is 



1=1 
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Moreover, the if the active component N is an edge manifold, Lemma 18.41 
impUes that we can assume no tubes are in N. If N is Seifert fibered and 
S f] N is pseudohorizontal, then we treat it as a horizontal component. 

Finally, note that each horizontal component Xi has at most a(Xj) tubes 
remaining in it after the isotopy of S' . Also, since pi-i = Pn = 0, it must be 
the case that 

n 
y^Pi = n-2. 

i=l 

Putting this all together, we have 

n n h V 

^ti = '^Xi+yi + qi+pi <'^ a{Xi) + ^ a{Yi) +q + n-2. 

i=l i=l 1=1 i=l 

Now, using an Euler characteristic argument, we have 

h V 

x{S) = Y.x{S^X,)+Y,x{SnY,)+x{Sf^N). 

i=l i=l 

For each 1 < i < /i, S" n Xj is a disjoint union of 2?ij copies of a punctured 
surface of genus Qi with rrii boundary components. In particular, 



h h 



i=l 1=1 

h h 

= ^ 2ni - ^ 2ni{2gi + mj - 1). 

i=l i=l 

Now, we note that X]j=i '^i ~ '^i the number of Zj components, and that 
Si=i 'ni{2gi + rrii — 1) = Y17=i ^«' ^^^ number of tubes generated by adding 
a tube to each Zj component. Using the fact that S n 1^ is a disjoint union 
of annuli for 1 < z < t;, it must be the case that xiS H Yi) = 0. The above 
equation then becomes 

n 

x{S) = 2n-Y,'^U + x{SnN). 
i=l 
As V Us W has genus g, 

n 

xiS) = 2-2g = 2n-J2'2ti + x{Sn N), 

i=l 

which implies 



2c, - 2 = ^ 2ii - 2n - xiS D N) 



i=l 
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and so 



" xiSnN} 

g = 2^ti-n + 1. 






Above, we established that Ya=i *« ^ J2i=i Xi+yi+qi+Pi = I]j=i a(Xj) + 
^^i^i aiYi) + q + n — 2. If the active component N is an edge manifold, then 
as S* n A^ is a disjoint union of essential annuli and one 4-times punctured 
sphere component, — ^^^2 — ~ ^' Thus 



2 



^ti-n- ^^ ^ ' + 1 < XI «(^i) + H '^(^^) + q + n-2-n + 2 



= Y^a{Xi) + Y,a{Yi)+q 

1=1 i=l 

= a{M,diM,d2M)-l 

by Lemma b.lSI As this implies g < a{M, diM, d2M), this is a contradiction. 
If A^ is a Seifert fibered component and S n A^ is pseudohorizontal, then 
5 n A^ is obtained as the connect sum of two copies of a punctured surface 
of genus qn with mi\f boundary components. Hence 

XJSnN) 2(2 - 2gjv - mjv) - 2 
= ^ = -(1 - 2gN - mN) = tN- 

Moreover, in this case A^ is considered as a horizontal component and the 
computation of its amalgamation genus can be taken as one of the a{Xi). 
Thus it follows that 



2 

i=l i=l i=l 



Y^t^-n-^^^^^^ + l<Y,aiX^) + Y,aiYi) + q + n-2-n+l 



= a{M,diM,d2M)-2 

which, as before, is a contradiction. 

Thus it must be the case that every Zj component has a tube isotopic 
into it after at most one stabilization of V Us W. 

The same argument applies in the case that stabilizations are needed for 
more than two components Zi and Zj+i. Indeed, if after stabilizing y Us'M^ 
in Zi and Zj+i there are still Zj components which do not have a tube 
isotoped into them, then we form another set of Zj components as needed. 
The same argument as above then yields the result. 

D 
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10.2. Proof of Theorem ET] and Corollary ITTOl The proof of Theo- 
rem |S3 follows readily. 

Proof of Theorem \5. 11 Suppose g > a{M,diM,d2M). As 0' is mutually 
separating, M cut along Q' consists of two manifolds Mi and M2 such that 
a regular neighborhood of each component of Q' meets both Mi and M2 
nontrivially By Lemma l5.21 we can assume that some component of M cut 
along 0' is horizontal, or that A^ is a Seifert fibered component and S D N 
is pseudohorizontal. Thus, by Lemma [10.21 stabilizing V Us W once yields 
a tube isotopic into each of the ideal components Zi, . . . , Zn- This yields 



Y^ti 



=g + {n-l) 



> a{M, diM, d2M) + (n - 1) 

h V 

= Y^a{Xi)+Ya{Y^ + l+q+{n-l) 

tubes by Lemma 13.151 By Lemmas 16.101 18.31 18.41 and 19.21 tubes can be 
isotoped into each vertical and T^ x / component so that every component 
of V' n G', say, has a spanning disk in Mi and every component of W (1 Q' 
has a spanning disk in M2- By Lemma 13.181 V U5/ W is an amalgamation 
along G'. 

As V Us' W is a stabilized amalgamation along G', by Corollarv 13.171 

V Us' W and any other amalgamation along G' are isotopic after at most 
one stabilization. 

Now assume g < a{Ad,diM,d2M). In this situation, stabilize VUsW 
a{M, diM, d2M)-g+l times so that the genus oiV'Us'W is a{M, diM, d2M)+ 
1. The above arguments can then be applied to show that V Us' W is an 
amalgamation along G', and hence isotopic to any other such amalgamation 
along G' after at most one stabilization of the other splitting. 

D 

Corollary 10.3. If {M,diM,d2M) has two strongly irreducible Heegaard 
splittings, at least one of which has genus greater than or equal to a{M, diM, d2M), 
then the two splittings are isotopic after at most one stabilization of the larger 
genus splitting. 

Proof. Let VUsW and P Us Q be strongly irreducible Heegaard splittings 
of (Af, diM, d2M) such that one of 5 or S has genus greater than or equal 
to a{M,diM,d2M). By stabilizing each splitting the appropriate number 
of times (only once for the higher genus splitting), V Us W stabilizes to 
V'Us'W and PUsQ stabilizes to P'Ue'Q'. By Theorem lOI both V'U s'W 
and P' Us' Q' are (stabilized) amalgamations along G'. By Corollarv 13. 171 

V Us' W and P' Ue' Q' are isotopic. D 
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11. Examples of small and large genus Heegaard splittings 

Theorem 15.11 implies that the genus of a strongly irreducible Heegaard 
splitting VUsW needs to at least as big as a{M, diM, d2M) to be isotopic 
to an amalgamation along Q' . This raises the natural question, When is 
the genus of F U5 W^ at least as big as a{M,diM,d2M)7 In what follows, 
we provide examples of closed graph manifolds M having genus g Heegaard 
splittings VUsWof M with g < a{M) and with g > a{M). In the latter 
case, we show also that the constructed splittings are strongly irreducible. 

11.1. Small genus splittings. Let X be a Seifert fibered space with Seifert 
data 

1 2 

0;m; — , — 

' '3'3 

Then there exists a connected horizontal surface So n X in X such that 
|(95o| = 3m. This surface is a planar surface with 3m boundary components. 
Take S'nX as two parallel copies of Sq in X. Thus X cut along 5" is a genus 
3m, — 1 handlebody. For ?7i — 1 of the boundary components of X, attach a 
copy of a Seifert fibered space Y with Seifert data 



\ ai 02 as a^J 



such that Sny is a disjoint union of 3 vertical annuli separating the excep- 
tional fibers of Y, and 5 n y is glued to S fl X. 

Let A^ be homeomorphic to T^ x / and take a disjoint union of five essential 
annuli, exactly four of which have their boundary components on different 
components of dN. Let SON be the surface obtained from the four essential 
annuli in N via performing ambient 1-surgery along an arc which connects 
the annulus with both boundary components on the same component of dN 
to one of the other annuli (so S DN is aligned). Let T be the component of 
dN such that \SriT\ =6. 

Glue the remaining component of dX to T such that S* fl X is glued to 
Son. To the other component of dN, glue a Seifert fibered space Y' with 
Seifert data 

tti a2 as 

such that S DY' is two vertical annuli separating the exceptional fibers of 
Y', and 5 fl y' is glued to 5 H A''. Thus the manifold obtained via gluing 
is a closed graph manifold M with m + 1 Seifert fibered components. It 
is a nice exercise to show that M cut along S is two handlebodies V and 
W, so that VUsWisa, Heegaard splitting of M. Moreover, it is a simple 
calculation to show that the genus of V Us W is 3m. By Lemma I3.15| 
o(M) = a{X) + m{a{Y)) + a(Y') + l = m + 3m + 2 + l = 4m + 3. Hence 
g = 3m < 4m + 3 = a{M). 
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These examples can be generalized by modifying the numbers of excep- 
tional fibers in X, Y and Y' . Note that what makes g < a(M) is that fact 
that S n X is has low genus. In general, for 5o a component of S (1 X, 
xiSo) = 2 — 2(7o — mo where go is the genus of So and ttiq is the number of 
boundary components. Note that x{So) = 1 — t, where t is the number of 
tubes generated by isotoping S' CiX to tube position after stabilization. 

In the above examples, go = 0, and each component of dSo required a 
tube slide to become an amalgamation along 0. Since 2 — mo = 1 — t, we 
have t = mo — 1, and since a{X) of the tubes must remain in X, there are 
only t — a{X) available for tube sliding, a quantity clearly less than mo- In 
particular, if 25^0 < o-i^) + 1) then t — a{X) < toq which implies g < a{M) 
in the above examples. 

11.2. Large genus splittings. The following examples are due to D. Bach- 
man. Let Xi be a torus knot complement, hence a Seifert fibered space over 
a disk with 2 exceptional fibers of multiplicity p and q. Let S n Xi be a 
bridge surface in Xi, hence 5*0X2 is a (p — l)(q' — l)-times punctured sphere. 

Let X2 be any Seifert fibered space with Seifert data ( 5; 1; ^, . . . , ^ j con- 
taining a horizontal surface F with one boundary component. Without loss 
of generality, assume k > 1. Let S D X2 be {p — l){q — 1) copies of F. Glue 
Xi to X2 so that S n Xi is glued to S (1 X2. This gives a graph manifold 
M. It is a nice exercise to show that S gives a Heegaard splitting y U5 W^ 
of M. 

The Heegaard splitting y U5 VF is strongly irreducible since for any torus 
knot, bridge position equals thin position (see e.g. [20]). That is, since X2 
cut along S consists of {p —l){q — 1) copies of F x /, any compressing disks 
oi V or W must have outermost disk components in Xi . If two outermost 
disk components D and E in V H Xi and W (1 Xi respectively are disjoint, 
then this would define an isotopy of the torus knot in Xi showing that thin 
position is not bridge position, a contradiction. Hence every pair of disks, 
one in V and one in W, must interesect in Xi, implying F U5 VF is strongly 
irreducible. 

One can check that a{M) = 2g + k. Moreover, as F branch covers the 
base of X2, the multiplicity of the cover is divisible by lcm(ai, . . . , a^). By 
choosing multiplicities of sufficient size, the Euler characteristic of F, and 
hence the genus of 5, may be chosen to be arbitrarily high. This implies 
g > a{M). Moreover, if X2 contains any vertical incompressible tori (a 
condition satisfied, for example, if A; > 3 or g > 1) then Dehn twisting 
along these tori produces other strongly irreducible Heegaard splittings of 
the same genus of M. Corollarv II . 21 implies that these splittings are isotopic 
after at most one stabilization. 
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